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b 1 _ _ ! 3
.4 ( q/ 7— :} o, = My/l, I = 4 bh
SN I sl e ™ Mg/t = 6 ok
A
*u\“l\l
b

(a=1) “EI" of steel beam =210 G Pa x le, % 0.1 x 0.006° m*

=378 Nom?&

WEI" of 2024-T4 Aluminum beam
=73 GPo x (g x 0.1xh>m?)
= 378 Nm?
h = beam thickness for equivalent "EI"
= 8.5 mm
(@-2) Bending moment on steel beam:
CuLPsteel = & WhH? 3
M = (0.83 GPa x «1x .0062)™ /6= 498 Nm

Aluminum beam:

_ &M 6 x 498 Nm
(@ n)ay = 0.41G P = =
ULT'AL 0.1h2  0.1hZm

Beam thickness for equivalent strength:

h=8.54 x 10-3m = 8.54 mm

i

bh@=10cmx 0.6 cmx7.8 gm/cm3
= 46.8 gm/cm

Weight of Aluminum bécm for equivalent "EI"
= bh [from part (a-1)1 x ?Al
=10x 0.85x 2.7
=23.0 gm/ecm
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(b-2) Weight of steel beam = 46.8 gm/cm
Weight of aluminum beam with equivalent strength

=b h [ from part (a-2)1 x € Al

10 x 0.854 x 2.7
= 23.1 gm/cm
(c-1) Weight of steel beam = 46.8 gm/cm
Weight of Aluminum beam = 46.8 gm/ecm=b *hx € Al
' h =46.8/10x 2.7 =1.73 cm
"EI" of Aluminum beam with same weight as steel beam
Bl = 73(GPa Yx py x (0.1m)x (0.0173)°
2.99 x 1078 GN - m?
= 299 Nm?
(c=2) Steel Beam:

Bending Moment = M = -%-— CULT b h2
= ‘16‘ « .83 GPa x0.1x0.0062m°
= 498 Nm

Bending Moment for aluminum beam with same weight as steel beam

M = —%— X (O-ULT)AI x b x h [from part {c-1)1]

= 1 .41x0.1x0.0172 GNm

1970 Nem



(b-1) (b-2) (c=1) (c=2)
(a=1) (a=2)  wt/unit length wt/unit length ET Moment
Material h (mm) h(mm) (Normalized) (Normalized) Normalized Normalized
Stiffness Strength Stiffness Strength
Steel 6 6 1 1 1.0 1.0
Al=-2024-T4 8.5 8.5 A9 .49 7.9 4.0
Al-6061-T6 8.7 10.7 .50 62 7.5 2.5
E"g lGSS epry 12.8 7.2 '54 030 6.6 I] 00
(CP{: =.57)
Kevlar-49/epoxy  10.4 6.8 .31 .20 31.7 23.7
("-Pf =.6) ' '
Carbon fiber/epoxy 8.2 8.9 .27 .29 49.5 .4
((P{: = o58)
Boron fiber/epoxy 7.5 8.9 .32 .38 28.3 6.73

(g = 60)




Chapter 3

Square array

2 2

A, =4 1md” ) _nd”

4 4 4 S
B—

nd? >
4s*

£ =

Hexagonal array

Af:——— 6 '—:iﬂdz
3 4 4 2 4

4
A= 6[1\/53 ]:6[—\/—5 sz]——-;)ig—s2
2 2 2

nd? (1 nd2) nd? +7rd2

nd?

243

V; =
Alternatively, consider triangular array

[
2 2 d
A—SX}—Ed—:nd ~
( 3s) ___\/:
4
’ [

nd?

243 §°

A
When adjacent fibers touch each other, s = d

Vi =-§ for square array = 78.5%

\O

= for hexagonal array = 90.



= 49.4476 - 47.6504 _ 71
50.1817 - 47.6504

32 W

W _=1-0.71=0.29
m

= =1.902 g/em°
0.71 . 0.29

2.5 1.2

fo— W T —~= x0.71=0.54

= 1.902 | 0.29=0.46

m 4.2

<
1

3.3.

V= VeV, = )
%%
Vetv, =—% (2)

(1)—(2) gives:




34

From Problem QJ, Py 1.902

From Equation3.8, V = =292 =1.86 _ 4 0591 or 2.219%
v 1.902
=‘199.=125forauvF
3.2
5 E
Vf.‘ Ec .._.F_. = ....._f_
(GP@) . Ec
10 42.88 9.33
25 102.40 3.91
50 201.60 1.98
75 300.80 1.33




=

3. & The following values are obtained by using rule of mixtures for Ej, and
v, T and the Halpin-Tsai equations for ET and G.T:

Property
SYSTEM \?(%) EL((JPa) b_‘LUPa) Gm(GPa) Vo
Glass/Epoxy 25 20.13 6.39 2.07 0.313
50 36.75 11.48 3.48 0.275
75 53.38 22.81 6.96 0.238
Graphite/Epoxy 25 65.13 6.81 2.13 0.313
50 126.75 13.18 3.76 0.275
75 188.38 30.41 8.36 0.238
Kevlatr/Epoxy 25 37.63 6.67 2.1 0.313
50 71.75 12.60 3.67 0.275
75 105.88 27.59 7.88 0.238
Boron/Aluminum 25 140.00 105.00 37.37 0.298
50 210.00 154.00 54.30 0.265
75 280.00 227.50 83.49 0.233
‘ - ! =1.74
2 Y p = .
7’ ~ 7
” ¢ 0.35,0.45 , 0.20
1.3 2.5 1.6 .
Fracture strains:
e = 0.06 .0. |
Volume fractions: m 3.5 x 100 =1.71%
v =174 4 0.35=0.47 14
moq 3 fA = x 100=2.0%
70 . .
Vep = 22 x 0.45=0.31 0.5
2.5 fB = x 100 =7.5%
1.74 x 0.30=0.22
v =

B 1.
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Failure sequence will be binder, fiber A, tiber B.

(a) Composite stress at fracture strain of binder:

7 =0.0171 3.5 0.47 +70x 0.31 + 6 x 0.22) =0.422 Gl

P_=0.422x 10 x 1074 = 0.422 x 1073 GN = 0.422 MN

(b) Composite stress and load at fracture strain of fibers A:

°C =0.02 (70 x 0.31 +6 X 0.22) =0.46 G Pa_

P_=0.46x 10 x 107 GN =0.46 MN
Composite stress and load at fractue strain of fiber B:

9. =0.075x 6x0.22=0.09 Gfa

P_=0.099 x 10 10 =4 5N = 0.099 MN

Thus, the maximum load carried by the rod = 0.46 MN
(c) Fiber B will rupture last.

(d) Load maintained test

Strain in the composite required to maintain a load of 0.422 MN after failure of

binder = —0-422 x 100 =1.83%

70 x 0.31 + 6 x 0.22

Strain in the composite required to maintain a load of 0.46 MN after failure of

binder and fiber A = 2:46x 100 _ 44 550,
. 6x 0.22

In view of the fracture strain of fiber B, the rod will fracture at a strain equal to 7.5%
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Elongation maintained test

Load on the rod at a strain of 1.71% after failure of binder =0.0171 |

4

(70x 0.31 +6x 0.22) x 10x 1077 GN =0.394 MN.

Load on the rod at.a strain of 2.0% after failure of binder and fiber A =

0.02x 6x0.22x 10x 10°% GN =0.0264 MN..

g -0o o N e S
33 (a) c fvf+mvm §(f+ m)
e =1% o =E ¢ =70x10°x0.01 =700 MPs
FooFof
‘T =0 _17.5
mA mB MPG
Composite stress: (0) , = (o) = 1/2 700+17.5) =358.75M P
¢ = 4% o = 70% 10° x 0.04 = 2,800 MPa
(ymA=35M
- ) ) 4-2 _
O = 35+ (70-35) x 55 = 43.75 MPg_

(0 )4 = 1/2 (2800 + 35) = 1417.5 MRy

(:—:C)B = 1/2 (2800 + 43.75) = 1421.875M Pa_

(b) _ cmu - (ﬁm)ef*
Ct‘“’ g — I~
Fu \Umlef*
o = (o)
Vm;n= mu m'ec
%y * “mu (Om)ef*
of =528 % 100 = 4%
For composite A: o - (r;_)€ «=0
'IHU 11 F
Thus, V .. =V .., =0
crit min

For composite B: ¢ == 70 MPg _
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(@) = 43.75 M P

_70-43.75_ _ 0 050
Vit = 5800 - 43,75 0-0095 = 0.95%

_ 70-43.75  _ _ o
Vinin ™ 7800 770 - 43.75 ~ 0-0093 = 0.53%

). = (6.). = ~(70 x 10° x 0.02 + 35) = 717.5 MPa
A B 2

e = 4% (At Fracture)

(6 A = 1417.5 MPa

(o0)p = 1421.875 MPa

1500 — 1500 — R
1417.5MPa 1421.875MPa
< <
% 1000 }— % 1000 }—
~ 717.5MPa ~ 717.5MPa
4] w
%) — — — — 7 - — — —
2 2
&3 500 &R 500 (-
0 2 4 0 2

Strain (%) Strain (%)
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a0 High modulus fiber (E; =390 GPa, 0, =2100 MPa)
70 = 390 V, + 3.5 (1-V))

V¢ = 0.172 or 17.2%

Pc=0.172x1.90 + 0.828 x 1.2 = 1.3204

: . 2.7-1.3204 e ag
Weight savings = 237 x100=51.1%

High tensile strength fiber (E, = 240 GPa, 0, =2500)

70 = 240 Vg + 35 (1-Vg)
V, = 0.281 or 28.1%

pc=0281x1.90+0.719x 1.2 =1.3967

Weight savings = 3-7—:5}/_3—967 x 100 = 48.3%

30 High modulus fibers

Geu = V§ Ofy = 0.172 x 2100 = 361.2 MPa

High tensile strength fibers

Gy = 0.281 x 2500 = 702.5 MPa
3.2 70 = 130 V¢ + 3.5 (1 - Vp)
V, = 0.526 or 52.6%

Pc=0526x1.5+0474x1.2=1.3578

Weight savings = H—-:—z—;-?-ézg x 100 = 49.7%

Gy = 0.526 x 2800 = 1472.8 MPa



3-9

3.13.
Cross-sectional area of the steel rod, A, that can carry a load of 2000 N:
A, = 2,000 _ 4 44 mm?
450

Assume the following properties of graphite fibers and epoxy resin (From Table 2-3 and 2-11,
respectively):

on = 2,200 MPa
pr=1.8 g/cc
pm = 1.2 g/cc

If the load carried by the epoxy matrix is neglected, the strength of the composite red becomes:
oo = 0.65 x 2,200 =1,430 MPa
Cross-sectional area of the composite rod, A, that can carry a load of 2000 N:

= 2,000 1.4 mm’
1,430
Specific gravity of composite

p.=0.65x18+035x12=1.59

Weight and cost of the two rods can now be compared as follows:

Weight ratio = pA, T8x444 15.56
p.A, 159x14
Cost ratio = —&éi—=}5;%:3.11
5p,A, 5

. |

Thus, for both criteria, composite rod will be chosen.
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2. |4 Glass/Epoxy

Vm = 60%, Vi =40%
700 3
O, = 700 x 0.4 + ———— x 3.5 x 10° x 0.6 = 301 MPa
70 x 10
Glass/Carbon/Epoxy

Glass/epoxy systems acts like the matrix material.

For strengthening,

O, — (crm)g;

Vm’: = '5_—_7”"“”“
Ju Gm)g;
-3
. 700 x 10° _ 140
Ofy = 700 MPa 350
Omu = 301 MPa
(Gm) Y = Eslw/epoxy ) 8;
=(3.5x103x 0.6 +70x 103 x 0.4) x 2 x 103
= 60.2 MPa
o= 0= 002 p0 = 37.6%
700 — 60.2
3. \5 Glass /Epoxy
E =3.5x0.3 + 70 x 0.7 = 50.05 GPa
700 s
6, = 700 x 0.7 + ——— x 3.5 10° x 0.3 = 500.5 MPa
70 x 10
Carbon/Glass/Epoxy

E =2x50.05=3.5x 0.3 + 70 x (0.7 - V) + 350 Vg

Ve = 2% _ - 1799
350 - 70
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Composite stress at fracture of carbon fibers (ef) =2 x 10-3

G =700 x 0.179 + 70 x 103 x 2 x 1073 (0.7 - 0.179) + 3.5 x 103 x 2x 103 x 0.3

=200.34 MPa
_ 700 x 100,
Composite stress at fracture of glass fibers (e = = 107)
70
6c  =70x103x102x(0.7-0.179) +35x103x 102 x 0.3

= 375.2 MPa
Geu = 375.2MPa

3.16 gy, = 0.006 _ 4 0144
0.25

oly = 40 x 10° x 0.0144 = 576 MPa

3 W Combining Equations 3.3G and 3.40

oy 1 1=y Y- By

1- 1.072'\/#‘/2
- SCF = = = S T-
%.U i Vf (I tm/EF) 1-0.95V

f

Combining Equations 3.3 and 3. 4|

:n:j ST = - Ve V2 (- B ey = 1= 1072 v,/
OV, _ % 10/ Tnu
s cr V smr
0 1 1
0.1 0.730 0.661
0.2 0.643 0.521
0.3 : 0.577 0.413
0.4 0.519 0.322
0.5 0.461 0.242
0.6 ' 0.395 0.170
0.7 0.308 0.103

0.8 0.172 0.041
0.87 0 0
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. 3 ‘8 Equation 3.6 Fcan be written as

v E.V.+nv E OV
aL= f°f'f m m m
EFVF+Eme

After substitution of values Xpr & Ef and Em, the equation can be written in a
simpler form as
9 +V,

=TIV, x 10

5

Substitution of values of s o Ver Vo in equation 3+ ¢{Q gives
o =112.15- 11,55V, = (0.35-0.15V) o] x 107>

Equation 3. 64 gives

- r -5
oty = (12,15 = 11,65 V) x 10

v, ol (SEq -3.67) eer-(Eq 3.6%)
1072/°C 107°/°¢
T 9.0 9.0
0.05 4.64 | 9.98
0.10 3.14 o o4
0.20 1.92 6 .93
0.30 1.39 8.26
$0.40 1.09 7 21
0.50 0.91 6.13
0.60 0.77 502
10.70 0.68 3.90
0.’80 0.6l 2.77
0.90 0.55 1.64
1.00 0.50
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Glass fiber/epoxy composite

K, = 1.05V5+O.25 (1 -Vf)

L

or KL =0.25 +0.80 \/f

g and Tare same as in excmpielgmé. Therefore,

KT _ 1 +0.615 VF

K~ 1-0.615V
m f

Carbon fiber/epoxy composite

KL= 8'0 ~Vf +0.25 ‘(1 - Vf)

or KL=0.25 + 79.75 VF

Ky = 1+0.961V,
K, 1-0.961V

f

-y, / Ky W/m °C)
Glass/epoxy Carbon/epoxy

0 0.250 0.25
0.1 0.283 0.303
0.2 0.320 0.369
0.3 0.363 0.452
0.4 0.413 0.562
0.5 0.472 0.712
0.6 0.543 0.931
0.7 0.628 1.278
0.8 0.735 1.913
0.9 0.871 3.451
1.0 1.050 - 12.500
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3.20 a, = —b%- (¢, E, V, + a,, E, V.)
L

~ B = 294 x 0.55 + 3.5 x 0.45 = 163.3

-0.61 x 107 = -1—6—;—:-3- (@, x 294 x 0.55 + 54 x 10° x 3.5 x 0.45)
a, = -114 x 107 /°C

f

3 21 If fibers do not absorb moisture, the moisture in composite is (Wpy *

Cmatrix)-

W = Puy 1'%xo.s—_—o.zzs

3
3
[a—y

Maximum moisture in composite = 0.225 x 6
=1.35%



CHAPTER 4

For a continuous fiber composite:
E =E V,+E V =0.4x70+0.6x3.5=30.1Gf
c ff m'm

For matrix:
Yield stress in shear = 1/2 x yield stress in tension

=14 M
T P

2, = 5.814x 0.03 =0.1744 mm

o =210 M fa.

(0o = -758-77 x 210 = 488.4 M Rz

EacY

1. _488.4 _
" 2w 14 —17.44

J?,f =17 .44 = 0.5232 mm

(b) o, =70 MPa.

Using equation .10 for calculating average stress:

£=1/2 1, g =1/2x 5.814 = 2.907

— ¢
5 =T->£;- = 14 2.907 = 40.7 M Pa
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'
g=4 g == =0.125

R =162.8 M Pa

(o f)mcx

Y

T =lop) o (- —2—%-) =162.8 (1 - 0.125) = 142.45 M Pa_

max

o =210 MR

:‘ . £ = =
255 bi T 1/2 x 17 .44 =8.72

'c'r'f=14x8.72=122.1 M Fa

= -..p_.z . =
2=4 241757 0.125; (cf)mcx' 488.4 M Pa
T, =488.4 (1 - 0.125) = 427.35 M.

(c) Strain varies linearly from O at the fiber ends to a maximum value at the middle
of the fiber since fiber length is less than or equal to load transfer length. Maximum

strain can be calculated as follows:

o =70 Mfa
1=, (o) = 7e2E3 = 0.00233 or 0.233%
£=1/2 0, (e =1/2x0.233=0.1165%
o= 210 M P
1= ) = B3 =0.00698 or 0.698%

]

£=1/2 4, (ef) 1/2 x 0.698 = 0.349%

max

Using equation 4.8

/ 3

_c-1.4x10
d 2 x 14

=50
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P < ¢
- C

Equation4.2Dcan be written as

T 4

o c 2
——Y?_ —— +
cu ] Vf %y, \/m

c

ﬁ .
+ =14 M. ,—S=50,V.=0.4, V,=0.6
y d f f

., may be taken as 28 M.fa,

c =14x50x0.4 -~ +28x0.6
cu 2

[+

o =16.8 + 280 2
cu e’,c

L > ¢
- c

Values may be directly substituted in equation 4.21

s

oy 1400 x (1 --2-%)x0.4+28x0.6

4
= - .......C.— '
Oy 576.8 - 280 ;




h-4

2
% 16.8 + 280 -;- 576.8 - 280 i}f_
3 .
0.1 44.8 | B}
0.2 72.8 -
0.5 156.8 -
1.0 296.8 296.8
2.0 . 436.8
5.0 - 520.8
10.0 - 548.8
20 - 562.8
50 o - | 571.2
100 - 574.0
200 - 575.4
500 - 576.24
1000 - 576.52

43  Using the given expression for the interfacial shear stress, Eq. (4.3)
- becomes: '

o, = 2/x) J:(Ty—az) dz (D

Integration yields

of = (2/r) (1 - z-1/2 az?) @)
For z=4/2,

of = (Gf)max (3)
and 1=0=1:y-a.£t/2

or t/2=1y/a (4)
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Substitution of Eq. 3) and z=4t/2 =1, in

y
{/d = (Gf)max/Ty
Comparison of Eq. (5) above with Eq. (3.7)

interfacial shear stress the load transfer len
with constant interfacial shear stress.

Eq. (2) gives

)

shows that with linear variation of
gth is twice the load transfer length

1 Pr Pn 2.5 x 1.4
pc = = i = = 1. > _3
L + W pWiHp W, 25 x08+L4 x 0.2 1535 g/ cm
pf pm
p 1.535
Vi= =W, =—=—=x02=0I12
f pf f 2‘5 X 0 28
E _1+2nV, ~_ (EJE)-1 _20-1 _19
E, 1-nVv’° (E,JE)+2 20+ 2 22
L+ 2 x (19/22) x 0.1228
E. =35«x = 4,
! 1~ (19/22) x 0.1228 746 GPa
7 = (3/8) E, + (5/8) x 4.746
E, = 10.76 GPa
E, _ 1+Q@udny, ~—_ (EJ/E)-1 20-1
E, 1-nVv, ' (E/E)+(@t/d) 20+ a
10.76 _ 1+ a x[19/Q0 + @) x 01228 _ 20 + a+2.3332a
35  1-[19/(20 + a)] x 0.1228 20 + a — 2.3332
a=20/d = 1325
¢ = 13_2-52;20 = 1325 pm

or 1.325 mm
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1.8 x 1.4 3
= = 1.465 g/cm
Pe = T4 x02+ 18 x08 g

1.465

v, = T 0.2 = 0.163
_ (210/35) -1 _ 59
Mr (210/35) + 2 62
E, =35 x L+ 2 x(59/62) x 0.163 _ ¢ ne cp

1-(59/62) x 0.163

14 = (3/8) E, + (5/8) x 5.428
E, = 28.29 GPa

2829 1+ 2/d-n.V,

35 1-n,V,
n, _ (B, /E,) — 1 = 59 Where 28/d = a
(E;/E,) + 2£/d  60+a
28.29 - 808 = 1+ ax [59/(60 + a)l x 0.163
3.5 1-1059/(60 + a)] x 0.163
a = 136.8
20/d = 136.8
136.8 5
g=__-..*2“ = 1026 um

or 1.026 mm

For 4 > 4., composite strength can be written as
e~ Of vf * (Gm)e:; (- Vf)

For V; < Vmin' strength is controlled by matrix and can be calculated using

equation 425", Thus, for a limiting case with Ve=Viin

oV . +{(1) - \ = -
f "min mm{}*(i Vmin) cmu(l Vmin)



oy (Gm)of*
min =
F =
of S (orm)e:,qr
At Vf = vcr %y = Tmu Thus,

fooerit (m)ef'ZE (- Vcri’r) = Iy
oy (cm)e*
vcrir = = )F
Uf Gm €*
’e
(o) disc. g, (T=opg) Ve t (Gm)eg (1-Vp)
(o_,) conf. - e, Vi T ("m)ef* (=)
.?,C
(ccu) disc. =1 - 21 %y Vf
(ccu; cont.. Sty Vf + (cm)ef’-" (T -Vf)
(ccu) disc. _ |
G_ ) conf. _U,] N =
cu — ) (7 - 1)'5)
L % [ m QF/TFUJ Vf
For a limiting of V=1
(O’CU) disc. o .
Sy cont. y)

For practical values of Ves the ratio of two strengths will increase and hence lie

in the shaded region.
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t =01+, W_=t
m r m r

Substituting in equation 4.2

v, = ! = !
0.5fr O.Hr 1.1(1+rr )
O+ =) 0+ 5—) W
r r r
W |
T Ve
r
1 0.606
2 0.727
5 0.826
10 0.866
20 0.887
50 ' 0.900
100 0.905
200 0.%07
500 0.908
1000 0.909%
7
For square array: - - n -
Ve=tgroTadt T w204
1 n d2
For hexagonal array: vp = ? i _ . , - 0.7495
7 (1.1d) (1.1 d sin 60) 4 x 1.17 sin €0



Chapter 5

5.1.

When o is the only non-zero stress:
= sinze = cosze Tir =0 _ sinBcos 8
o =9, rop=o, r Ty oy sinee

= (sinze - cos 8 )
L% “ET YTL TE

L
e = (c0526 -y Sin 8 )
T % B LT TE
v ysm Bcos 8
A

By transformation of strains

€=_o[\"LT_1(l+ L1 )sinzze]
x Ty B RTR TR OE G

. 4 v
— sin 8 cos B 1 1 _ LT, .
Ty %! E °T +K(CTT T)S'nze]
T, 1 AT . I
Y., =-0c sin28 + - g -sin" 8 (p + + -
xy T T E B OEH OCh
Thus,
2
1 ‘“‘y sin ' ® cos A 1 1 T
S == = + + (7:—— - "F-'———) sin” 28
E; dy EL ET 7z Gt B
y %y 5% F LTI I S
E E E
m E-a-)f}/r—ngS VLT E"' Zé—“'s'nze(]+2\‘iT+EL—'CL )}
T LT
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S, When T__is the only non-zero stress, strains in the L-T coordinates are given b
¢ b~ Xy g Y
equation 573 . Strains in the x-y coordinates can be obtained by tensor transformation: |
_ RS IR T Al L I
e =- 1 sin28 + - - cos 98 ( - + - )
e[ e e g
(v 2y 1
- . LT 1 1 2 1 LT ] 1
e == = sin29 + - - cos g ( + + - )}
v h[- B By BB F S
Therefore, by definition of m_ and m
~ -
e E E E E
X . L L 2 L L
m_ == =sin28 | v, T - -cos (1 +2v,,++ -
x T/ EL LT B 7G; _ T E GG ]
e I E, E £, E |
. L L . 2 L L
m =- =sin26{ v, . * - -sing(1+2v, .+ -
AV T B TG o e
5. 3. ‘
8 E;g . Cov Vx My My
(G ) (Gfa)
0 35 4.00 0.45 0 0
10 29.68 3.84 0.303 1.033 2.045
20 20.26 3.48 0.072 2.1V7 3.668
30 13.16 3.15 -0.053 3.215 4.579
40 8.85 2.96 -0.079 4.162 4.701
45 7.43 2.94 -0.072 4,500 4,500
50 6.34 2.96 -0.057 4,701 4,162
60 4.89 3.15 -0.020 4,579 3.215
70 4,06 - 3.48 0.014 3.668 117
80 3.63 3.84 0.037 2.045 1.033
90 3.50 4.00 0.045 0 0
v =0at 8=24.55and 65.45
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8 E v m m
(G o ) GHh ) " " 7

0 15 2.50 0.200 0 0
10 13.57 2.69 0.276  -0.579 0.579
20 10.93 3.32 0.417  -0.886 0.886
22.5 - - - -0.900 0.%00
30 8.96 4.55 0.523  -0.779 0.779
40 8.01 5.98 0.573  -0.308 0.308
45 7.89 6.25 0.579 0 0
50 8.01 5.98 0.573 0.308 -0.308
60 8.96 4.55 0.523 0.779 -0.779
67.5 - - - 0.500 ~0.500
70 10.93 3.32 0.417 0.886 ~0.886
80 13.57 2.69 0.276 0.579 -0.579
90 15 2.50 0.200 0 0

h.5.

6= 30° 45° 60°

E, 10.87 7.43 5.02
(G fa)

" 2.70 2.41 2.70
(G Pa)
sy ~0.0485 -0.115 -0.0224
m 0.765 1.500 1.833
m 1.833 1.500 0.765
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56 Transformation equation:
' =
E ifk 2 “mi %nj 9k %l Emnrs

Under the transformation given by equation’5 .52 with cii‘ given by equation5 .53,

elastic constants indicated in equcfim5.55 can be written as

E' 1113 = %1 91 91 %3 Bnnes = "E1113

E'2223 = 9m2 %2 %2 %3 Ennrs = “F2223

- E = -E

1123 = %m1 %1 %2 %3 Emnres = E1123

E'5213 = 9m2 %n2 %1 %3 Emnrs = "E2213

E'213 = 91 902 %1 %3 Ennes ~ “E1213

E'1223 = 9m1 902 92 %3 Ennes ~ "E1223

E'1333 = %m1 %03 %3 %3 Emnes ~ E1333

E E

'2333 = %m2 9n3 43 %3 Emnrs =~ "E2333

In view of the invariance condition, the above constants should be zero.

5:? . Under the transformation given by equations’ .56 with a given by equationt .57,

the elastic constants indicated in equation 558 can be written as

E'1233 = 9m1 %2 %3 %3 Emnrs = "E1233

E'1323 91 943 92 %3 Ernnrs = “E1323

E E

'1222 = 9m1 %n2 %2 %2 Emnrs = E1222

B 1112 7 %1 a1 %1 %2 Emnes ~ "E1112

In view of the invariance condition, the above constants should be zero.
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5. 8 If X1%3” plane is the plane of symmetry, elastic constants should not change under
the following coordinate transformation:

X' = xqy %'y T X, XIg =Xy

The direction cosines corresponding to the above transformation are

X] X2 X3
X) apy =1 ajp=0 a3 =0
X) ay =0 dgp =~ dy3 =0
X3 as) =0 a39 =0 daa 1

It may be observed that the transformations of elastic constants in which subseript
Z appears precisely once or thrice, will lead to the contradictions of the type
shown in equations 54. To be consistent with the condition of invariance of

elastic constants, the following eight elastic constants must be set equal to zero:

Ero13, E2333s Ex2237 Eii2ar Er222r Brnnzr Bi2asr Fiszs

First four of these constants are common with equation5 .55 and remaining with

equation 5.58.

59 vy =0-35x75r=0.035
Q= 20 = 20.25 Gf&
1- 0.35 x 0.035
_ 2 _
Qy, = =2.025 G {4
1- 0.35 x 0.035
0.35x 2
- = 0.709 GP
12 7770.35 x 0.035 a

Qg =0.7 G
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52

Thus, stiffness matrix is

20.25 0.709 0
Q] = ]0.709 2.025 0 G
0 0 0.7

Compliance matrix can be easily found to be

0.05  -0.0175 0
[s] = |-0.0175 0.5 0 Vata
0 0 1.429

Equation5*®2 is identically staisfied.

I=vp vrL = 1- 1.97 x 0.22 = 0.5666 >0, thus, equation 5.@%3 is also satisfied.

e /2
LY = 2.996
5 '

e \1/2

~ Thus, condition v ¢ < E":' is also satisfied. Accordingly, VTS 1.97 is a

T

reasonable number. It will not be an admissible number for an isotropic material

in which Poisson's ratio should be less than 0.5.

IL satisfies symmetry requirements.

- For isotropic materials

W S VL T T L T v T v T v 6ay)
Equation 5,83 reduces to ‘
1- \)2 >0

or -l<vyu<l

For isotropic material, equation 5..84 reduces to

-3 - 2350
: \
or 1-2v>0 b \)4“7:



5-7

4. 19, Using equation 5,95, elements of fhe§ matrix can be obtained as fol lows:

= 300 450 600
Q” 12.16 6.55 3.16
Q22 3.16 6.55 12.16
Q]Z 4.04 5.15 4.04
Qéé 4.04 5.15 4.04
Q]é ' 5.82 4.50 1.97
Q26 1.97 4.50 5.82
50
5.14 (a) o, = TZ—E'OYT =10N/mm2 =10MPa

I = g, cosze= 10 cosz45 =50M¥x

= g sin?e = 105in°45 = 5.0 M f

T
TLT =-q sin8cog = =10 sin 45 cos 45 = -5.0 M Py
-3 -
eL=5x10 _ 0.10 x5x10-3=0‘2]4’<103
. _3 .
T =5_3_.5>< 10° | .1.4_0-4 x5x 1073 =1.286x 10 ™3
-3
=.5.0x107 - _y 1904 1073
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By transformation equatior, 5.8Q

: 0.5 0.5-057 (0.214
5, 1= |05 0.5 05| 1.2 %1073
\/ ,'0 l’O O "lvlﬁjo
xy
e 1.345
X
e V=103 { 0.155
y
Vey ~1.072
(b) o= Ol 10x107° o o
X E;- .345x 10 = " °
_ e, 0.155 _
\)xy—_-g—y- “-m‘”-o-lls
X
L Yy _-1.072x%0-3 s
x o /E 10 x 10°°/14

The values of E, Yy and n{x exactly match those obtained in problem 5,

.15 o =10 c0s230 = 7.5 M.Pa

op = 10 $in230 = 2.5 M P,

m 7 = ~105in30c0s30 = -4.33 Mf

_7.5x 107 0.1

o =1:3x10 ~ 0.1 x2.5x 1073 =0.464 x 1072
-3
_2.5x 10 0.4 3 3
e =220 O« 7.5x 107 =0.500 x 10
_ 4.33x107° 3

VLT ———ZT.—— =‘1.03] X ]0-
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By transformation equation 5- Q.

e, "0.75 0.25 ~0-433] 0.464
5 1 0.25 0.75 0433 0.500] x 1073
0:866 -0.966 0.5 [ |-1.032
ny
e 0.920
X
_ -3
. V=10.044) x10
Y
Yy -0.546
 10x 1073 :
(b) E, = ——— 5 =10.87 Gl
0.920 x 10
= € = -O‘O T -
\)Xy_—-% m 0.048
¥ -3
m - XY = . —0.546X .‘0 =O 764
X o /E| 10 x 107°/14

The values of Ex’ vy and m_ compare favorably with those obtained in problem 5.

5.16 (a)

’“ij:: 20M.

T J L ]
\I K45°
- " --.—...-(Y;(:: 20MFa
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&

(b) oL = 20 cos245 + 2 x 20 cos 45 sin 45 = 30 MPa
ot =20 cos245 - 2 x 20 x cos 45 sin 45 = -10 MPa
T = 20 cos? 45 + (c05245 - sin245) -10 MPa

(o) ~ ) ()« G3) + ) = o
©  \500 500)\350) \75 35 '

Lamina does not fail.

(d)  When sign of Txy 18 reversed, the stresses are

o1, =-10MPa
6; =30MPa
’CLT =~ 10MPa

10 \ 10 \ [ 30 30V (10}
— | ==+ |=]| +|=] =908
350 350 ) \ 500 10 35

Lamina will fail.

5.17

o1, = 20 c0s230 + 2 x 20 cos 30 sin 30 = 32.32 MPa
o = 20 sinZ30 - 2 x 20 cos 30 sin 30 = -12.32 MPa

Ty T = -20 cos 30 sin 30 + 20 (cos230 - sin230) = 1.34 MPa

Failure Criterion

2 » 2 2
(32.32) ) (32.32) (12.32) . [12.32) . (_1_%%.) ~0.0304
500 500 350 75 35

Therefore, no failure.

When sign of Txy is reversed, the stresses are

o =  -232MPa
o 22.32 MPa

L
T 18.34 MPa



Failure criterion

232 (2.32)) (22.32 22.32 (18.34
~ + = 5.256
350 350 ) \ 500 10 35

Therefore, failure occurs.

5.18

o[, = ’th sin20, o = —rxy sin28, 1y = Txy c0s26.
If Txy is positive, o1, is positive and oT is negative.
Therefore, at failure, Txy is given by

1 sin*26 sin?26 sin?260  cos*26
T2 2 + 7 T 2
T (1725) (1725)61350) 275) (95)

2
xy

If Txy is negative, signs of o1, and oT are reversed and at failure Txy is given by

1 sin®20 sin?26 sin’20  cos’26
— = - + +
T2, (1350 (1350x1723)  (40)*  (95)
0 = Off-axis Shear Strength (MPa)
Txy (+) Txy -)
30° 163.2 44.9
45° 776 40




CHAPTER 6

For aluminum: E=70 Gf , v=0.33

[@l,,=[78.55 25.92 0
25.92 78.55 0 cha
0 0 26.32

For steel- E =210 G‘Pog , v=0.3

[Qlg; = ro24 56 0
56 224 ol GPa
0 0 84 |

Aif = 51@QID, * @iDg,]

[Al=  [1512.75  409.60 0
409.60  1512.75 0
0 0 551.60

Bij =22 (@), - (Qil)y,]

(B] = 1818 376 0
376 1818 0
0 0 721

Dij = 122 1 (@if) | + (@ii)g,]

D= 12606 3413 0
3413 12606 . O
0 0 4597

Nonzero value of coypling matrix [B] indicates that for the bimetallic strip of aluminum

and steel (both isotropic materials), coupling between extension and bending exists.



6.2
FQ—H én él6
2], =|2: 2 o
_Q—m Q26 Q66
Q—u le "'—Q-16
[Q] = én sz _Q-%
-6 — — —
“‘le "Q26 Qs

Assume laminate thickness to be h.

éu él?. 0
[A] = & QIZ Q-zz 0
0 0 O
N, = ho, N, =N, =0

Mid-plane strains can be obtained from

ho én élz 0

" £,
0y = k{0, 0, 0 € :
0 0 0 Q;GJ e

Solution of this equation gives

80 = Q22 0.,

X e =~ ~2 x0
Qu sz - Q12

80 — le O_

y A A 2 x0
Qu sz - le
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and the coupling matrix [B] is zero. In the absence of plate curvatures, mid-
plane strains are also the laminae strains. Therefore, the laminae stresses are

All the plate curvatures will be zero since no bending moments are applied

r N\ — —_— —_ 0
(0] Oy Qn O €, o
=~ = = 0
10,0 = |CQn On O g,r =10

= A A = 0 = 0
To), O O Qx| (O O €.+ Oy €

X0

AN ~ = — .
o, On CQn —0Q £, O,

5 A _A 0
19y = | Qo @n-—0x| & =40

3 5 A 5.0 =0
(Ty) g 0 — O Q| (0 O & — O &

Stresses along L and T directions can be obtained through transformation as
follows:

o, cos*6 sin*@ 2sin@ cos@ O,
oyt = |sin®@ cos?6  —2sinf cos@ | {0
Tir)e ~sinB@ cos@ sinf cosf cos’® —sin*Q| |7,

0 _ Qiéza_éz&s_élz o
! Qu Q22 '"Q122 ”

=0 £+ 0
where T, = Q& + Q) €

; 2 :
o, 0, cos’6 + 27, sin@ cosf
o, ¢ =40, sin®’6 — 27 sin6 cosf
Ty -0, sin@ cos@ + T,(cos” —sin’6)

o, [cos?8 sin®@ ~25in6 cos6 | (o, )
o, ¢ = |sin’@ cos’ 0 - 2sin@ cosO 0
Tir) g sin@cosf  —sinf cos@ o429 —sin?B | |-T,

Q
]

) .
0, sin“6 — 27, sinf cosd

{
{GL [om cos’@ + 27, sinf cosf

: 2 s 2
0,, sinf cosf — 7 (cos*@ —sin 9)
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6.3  Substituting 0= 45, stresses are

o,

i
™ |
—~
Q
¥
+
o
Q
3
-

Q
~
I
|
VoY
Q
5
|
N
A2l
&
N’

Strains

£ = é—(a‘: + e;’)

£, = %(8: + e;)

Yir= (3; - 8:)
Lamina shear stress Ty 1 and lamina shear strain vy, ,, are related to only

. . . 0 0 . .
laminate stress, 0y, and laminate strains, €x and €, which can be easily
measured during a tension test. Thus shear modulus Gy 1 of a lamina can be
determined from a tension test on [£45]s laminate.



6-5

Let the stiffness matrix of the 0° plies be
[Q]O": [Qoo] = [Qy Qs 0
Qi 9

where Q”, Q22, Q]Z and Qéé are independent constants. Stiffness matrix for the
90° plies will be
@lge = [Q2 Q2 ©
Q QO

0 0 Qg

For unit thickness of each lamina, extensional stiffness matrix of the laminate will be

A= TQ*tQy 2 0
2, Qu+Qyp O
0 0 Q.
For the laminate to be quasi-isotropic
Al = A2 T 2hg O

Qqp ¥ Qpp=2Qp =4Qyy

Since Q”, Q22, le and Qéé are independent constants, this condition, in general,

will not be satisfied.

For the assumed stiffness matrix of the 0° plies in Problem &+, elements of the stiffness

matrix for the +60° plies will be

Q) =72 (@ *9Qp * 6Q13 + 12Q¢y)
z -_‘..
Q2 =18 Q1 * Qpp 7 6Q)p *12Q¢¢)
&1, =Ts

(3Q” +3Qy, * 10Q,, - 12Q66)
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ol

l

117 3Qp F2Q, +4Q,)

~ r‘
3,, "% @
-E- .
16 BQy - Q= 2Qyp-4Qy
6” @22, 6]2 and 666 for the -60° plies will be the same as those for the +60°

plies. Following are the 616 and 626 for the -60° plies:

- _ 3
Qe =~z @)1~ 3Qp T2Q)p *4Qyy)

Qg4 = ‘% BQyy - Qg - 2Q)y - 4Qy)

For unit thickness of each lamina the elements of extensional stiffness matrix are:

_ _ 1
A ~A22 =% (18 (Q” +Q22)+ 12Q]2+24Q66]

1
1 i
Ala =78 (6@ + Qpp) +36Q ), - 24Q ]

A [6(Q) + Qgp) - 12Qy, +24Q ]

= ]
66-73

= A = ()

A6~ P26
Thus, it is observed that the condition A, = Ay = 2A44 s also identically satisfied

to make the laminate quasi-isotropic.

The stiffness matrices for the 0° and 90° laminae may be assumed the same as in Problem

6-[1 . Elements of the stiffness matrix for +45° |amina will be:

OI

-5 =L
'sz =7 Q@+ Qpp +2Qp +4Q4,)

(3]

12 =2' Q1+ Qgp *2Q) 5~ 4Qy,)

]
66 =T @1+ Qg = 2Qy))
16 = Qg = TQp - Q)

(]
1

Ql
ll
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6] 1 522, 6]2 and 666 for the ~45° ply will be the same as those for the +45°

ply. Following are the 516 and 626 for the -45° ply:
Qg = Qg = =1/4 @Qqy - Q)
For unit thickness of each lamina, the elements of extensional stiffness matrix are:

AL A =1/46Q) +6Q,y, +4Q), +8Q,)

Age=1/42Q 1 +2Qy) - 4Q ), T8Q,,)
Are=Pg6=0

In this case also, the condition A” AT 2A 40 identically satisfied so that the

laminate is quasi-isotropic.

67  (a) N, Ay A, O &
Nyt =14, Ay 0 8;)
N

. OOA“ygy

Since the laminate is symmetric, plate curvatures will be zero and the strains
in the laminate will be constant through the thickness and equal to the mid-
plane strains.

Consider that the laminate is subjected to the following stress state:
Ox = Ox0; Gy = Txy =0

Therefore Nx =t. Oxo, Ny = ny =0
where t is the laminate thickness.



solution gives

Therefore

M

0

J

1) [
xy 62

Similarly by assuming oy to be the only non-zero stress acting only on the
laminate, it can be easily shown that

= Ay Ay — A}
Y t-A,

>

2

v, = -2
yx

All

By assuming txy to be the only non-zero stress acting on the laminate, it can
be shown that

6 -t

¥y
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()  For quasi-isotropic laminate
Ay = 4y

- AII_AIZ
A = 75

Therefore, for quasi-isotropic laminate

E, = E, = Av- Ay
t-Ay
A
DV, = v, = 12
Y ’ All
G = -:Ajﬁ = -—-——————E"‘
i t 2(1+v,)
6.8  From Example 6.5
1674 149 O
[0,],. = | 149 466 0
00
0 0 149

Transformation equations [Eq. (5.61)] give

534 383 10,
[0, =|383 1138 0,
|20, *0, 3.83

Assuming unit thickness of the laminate, the [A] matrix is obtained as
follows:



9.14 3.05 0
[A] = {3.05 9.14 0
0 0 3.05

The [A] matrix obtained here is same as that obtained in Example 6.5 with the
numbers rounded off to the second decimal place. Thus, the elastic constants

predicted by the [0/160] laminate are the same as those predicted by [0/4+45/90]
laminate.

6.9  [Qij] matrices for 0° and +60° laminae are the same as obtained in
Exercise 6.8 [Q;;] matrices for 90° and £30° laminae are obtained by

transformation equations [Eq. (5.95)] as follows:

4.66 149 0
1G], = |140 1674 0
0 0 149

1138 383 =0
[G)],,,. =383 534 =0,
+0, 0, 3.83

Assuming unit thickness of the laminate, the [A] matrix is obtained as
follows:

4 = < (@ + @+ @)nt @+ @)+ @]

9.14 3.05 0]
[A] = 3.05 9.14 0
0 0 3.05

Thus prediction of all three quasi-isotropic laminates [0/+45/90], [0/+60], and
[0/430/160/190] are identical.
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o-

Q matrices can be evaluated first:

[5100 =

@lggo =

For unit thickness of the laminate extensional stiffness matrix can be obtained as

[A] =

[16.67
3.33
. 0

[ 6.67
3.33

- 0

11.67
3.33
0

3.33
6.67
0

3.33
16.67
0

3.33
11.67
0

0
0
3

G

GPa

G fa
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For a unit cross-section of the laminate, stresses can be taken to be resultant forces

in the corresponding direction, so that

15 11.67 3.33
olx103 = | 3.33 11.67
] 0 0

Solving this matrix equation gives strains:

. 1.4

x

b= 0.4} x103
y

v 0.33

Ky

Stresses can be obtained using Equation 5.4

o, - fe.er 333
ol = 103« | 3.33 6.7
Txy 0° 0 O
o [6.67  3.33
o | = 1073 333 16.67
'TXY 90° i 0 0

1

0

3

1.4
-0.4 )G Fa
0.33

S 1.4
-0.4 GP&«
( 0.33

8
-2
1

M Pz

M Pa

With reference to the given loading direction, the plies become + 45° plies. Q matrices’

can be evaluated as:

[61450= 10.5 4.5 2.5
4.5 10.5 2.5
2.5 2.5 4.17

VGPa
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[Q]_ys0 = [10.5 4,5 -2.5
4.5 10.5  -2.5 Gt
~2.5  =2.5 4.17

For unit thickness of the laminate, extensional stiffness matrix becomes:

[A] = 10.5 4.5 0
4.5 10.5 0 Gfa
0 0 4,17

For a unit cross-section of the laminate, stresses can be taken to be resultant forces

in the corresponding directions, so that

30 10.5 4.5 0 ‘.
103x o = | 4.5 10.5 0 .,
0 0 0 417] [,

Solving this matrix equation gives strains:

€ 3.5

X

e = {15 x 1072
Yy ] 450

Stresses can be obtained using Equation 5+ 94!

- ) 10.5 45 2.5 3.5 30)

X 2

c,y} =107° | 4.5 10.5 2.5} ?-1.5 cfx = (0} Mfx
Ty} o0 2.5 2.5 407 0 5

o, 10.5 45 -2.5|] |3.5 30

g, =103 45 105 -2.5| {-1.5) cPx = {0} MR
r 2.5 =2.5  4.17 0 -5
XY’_450 e I
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@1_y0

9.75
7.75

6.75

-
9.75
7.75
-6.75

o

Symmehklﬂmham[4@@-k

ATl =8 @if)y50 +4 @i g0

[A] =

81 =0

198
66
54

=3

7.75
9.75
6.75

7.75
9.75
-6.75

66
%0
54

Gfa

-
6.75

6.75

7.75

-6.75
-6.75
7.75

54
54
66

G Rz

G PGL

GFa. mm

Dij =2x 1/3 (6> - 2%) @i 0 +1/3 2% - (2% @ip)

= K126 @i) 0 + Gl

[D] =

(1512
1080
936

e

1080
1368
936

936
936

1080

Gfa. mm3
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Midplane strains and plate curvatures can be calculated independently

;
4000 198 &6 54 60
40008 = 10°x | 66 90 54 : 0

0 54 54 66 v o

25000 1512 1080 936 (K

o V= 103% |00 1368 936 K, |
0 936 936 1080 | [k
) Xy

Solving above matrix equations, the following midplane strains and plate curvatures

are obtained:

e 0 14. 61

i |

(o | = 1073 | 80.35

nyo =77 .69

K 43.78

X

Ky | = 10°35{-21.14} mm™!
K ~19.63

xy

Strains in the laminate can be written as

&y 14.61 + 43.78Z
e | = 1073 { 80.35 - 21.147
3y ~77 .69 = 19.63Z
Xy .

Stresses in the 45° laminae can be calculated by substituting appropriate values of Z
Y g approp

(-6< Z<-2o0r2< Z<6):
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Ch 9.75  7.75  6.757 14.6] + 43.7827))
0, = | 7.75 9.75 6.75 80.35 - 21.14Z2 L MFPa.
6.75  6.75  7.75 -77.6% - 19.
"y} 450 77.6 19.63Z

Stresses in the 0° lamina can be calculated by substituting appropriate values of

Z(-2<2Z<2)
o, 30 1 0 14.61 + 43.78Z
s, = |1 3 0 80.35 = 21.142 4 My
T 0 0 1 ~77.69 = 19.63Z
XY, OO

Unsymmetrical Laminate (45/0/-45)
Assume that the +45° lamina is placed on the negative Z-axis and the -45° lamina on

positive Z-axis. Laminate stiffness matrices can be calculated as follows:

(Al = [198 66 0
66 90 0| GPa. mm
0 0 66
(8] =T 0 0 -216
0 0o -216| Gfa.mm*- -
| -216 -216 0
D] = [1512 1080 0
1080 1368 0 |cfx. mm?
L 0 0 1080




6- 17

Midplane strains and plate curvatures can be calculated from the following

mafrix equation:

4000 198 66 0
4000 66 90 0
o [=10%4 o 0 66
25000 0 0 -216
0 0 0 -216
216 =216 0

0 0 -216] co
X
0 O '216 e O
| ¥y
216 =216 0
%y
1512 1080 0 K,
1080 1368 0 K,
0 o 1080 | | K
. Xy

Solutions of the above matrix equation gives midplane strains and plate curvatures are:

co | 14.28
X

c o 78.52
Y 3

v = 10" x | 59.95
xy

K 42.05
x N

K -23.72
y

Ky 18.56

Strains in the laminate can be written as:

‘. 14.28 + 42.0522
. 1073 x {78.52 - 923.727
N 50.95 + 18.56Z
xy

Stresses in the 45° lamina are (- 6 < Z < - 2):

Oy 9.75 7.75 6.75
9 = |7.75 9.75 6.75

\Txyl 450 L6.75 6.75 7.75

14.28 + 42.05Z
78.52 - 23.72Z) Mfr
59.95 4 18.56Z



6- 1%

Stresses in the 0° lamina are (-2 <Zc< 2):

o 30 1 O " 14.28 + 42.05Z
o, \ = ] 3 0 78.52 - 23.727 \ mfa
) g0 0 0o 1 59.95 4 18.56Z
Stress in the -45° |amina are (2 <Z< 6):
o, 9.75 7.75 -6.75 14.28 + 42.05Z
s, =|7.75 9.75  =6.75 78.52 = 23.72Z % MPo
Ty} usd -6.75 -6.75 7.75 59.95 4 18.56Z

6.13 Comparison of 6.48and 6.49 eheuss:

o _ O'A + O'_O'A
- Ee

1 _ 1 A E o
Lot[Ees 02

e

! ! E “’A]
T— T 1 = - - =D
e [+(S RS °')

Thus
E = E

H(-‘% -1) (1-.;’3_)‘
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14 Primary Modulus:

E= 5 x 40 + 3 x8.5=26.56f

Secondary Modulus:

e = -§.—x4o=22.86GPq,

Compeosite stress at knee:

= 265 x 338 = 010076 Pa = 100.7 MP4

Composite stress at 1% strain:
o = 100.7 + 22,86 x 1000 x (0.01 - 0.0038)
o = 242.4 MPx

Effective Modulus at 1% strain:

242.4 _ 3
E, = T = 24.24x 10° Mo 524.24GP0V

(a) Stress strain curve will be a bilinear one with the slopes of the
two lines being the primary and secondary modulus. Knee occurs
at ¢ = 0.38%. Strain or stress will show no discontinuity at the
knee. Fracture of the composite will occur at ¢ = 2.75%. Fracture
stress will be:

op = 100.7 +(0.0276 - 0.0038) x 22.86 x 10° = 642.4 MFx
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(b} In this case, strain will show a sudden change at the knee while
maintaining the ¢ =100, 7 MP@
100.7 x 100

g = — = 0.44%
22.86 x 10

. Increased strain at the knee will be

Stress at fracture

2.7
op = S5rt x22.86 = 0.628 G [z

op = 628.6 M0q

(c) In this case there will be a sudden drop in stress at the knee while
maintaining € = 0.38%. Reduced stress at the knee will be

o= 22.86x 10° x 0.0038 = 86.86 MPx

Fracture stress is same as in case (b).

Q’x O’L 7
m) = oy = 30-6 x ) 23

xy) o° 0 0
o op 23
cvy = o %= 10-6 X 7

o

0
\QX‘)I“ 906 W

For a unit thickness of the laminate, thermal forces may be obtained as follows

(Q matrices may be directly taken from Problem 6.10:

N): 16,67 3.33 07 7x107® T[6.67 3.33 OXZBxIO—é

Ny*=-loox1/2x 3.33 6.67 0 |23x107% +[3.33 16.67 o0

7x 1076

! J
N o o 3] o 0 30 3] o



N 18.5 )
X

N L= 21073 d 1805
y

N 0

xy

Resultant thermal moments are zero due to midplane symmetry of the laminate.

Midplane strains may be obtained using the A matrix obtained in Problem 6+10, so that

18.5 11.67 3.33 0 ez
108 L Yiesb= 333 117 0 e‘;
o]

0 0 0 3 ¥,

Solution of this matrix equation gives

ez 1.23
Cl=-1031.23
y

Vv 0
xy

Since plate curvatures are zero due o symmetry of the laminate, mechanical strains

which cause thermal stresses can be evaluated as

ei’m 2123 + 0.7 ~0.53
M }. —103x) -1.23 + 2.3% =10 <) 1.07
y
M

0 0
Yxy, o° 4
M 2123 + 2.3 1.07
J}j‘ =103,0 -1.23 + 0.75=10"3x } -0.53
¥ 0 0
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Therefore, thermal stresses are

o 16.67 3.3 O\ [/ -0.53 (=533
c; =103x 3.3 .67 0 1.074 GPa =) 5.33 \ Mk
Iy y 0 o 3] 0 0
o r6.67 3.3 0 1.07 5.337 MPa
0'; ? =103 % | 3.33 16.67 0 0.53 § 6Pz =1-5.33
le)%o L0 o0 3 0 0

Above calculations are independent of positions of the plies. Therefore, residual

stresses will not be affected by interchanging position of 0° and 90° plies.

For a unit thickness of the laminate, [A] matrix and thermal forces are the same

as in Problem &:15°¢

[A]l=1{11.67 3.33 O
3.33 11.67 O
0 0 3

;
N, | gla.s
NI\ =2 1073 3 1805
Y
T

0

B and D matrices and thermal forces may be obtained as follows:

(8] =f -1.25 0 0
0 1.25 0
0 0 oj



(0] = [0.972 0.278 0
0.278 0.972 0
0 0 0.25
;
M) 16.67  3.33
Mlg= =29 Jl333 6.6
y 2
MT 0 0
xy
MY 0.2083
X
M; = 1073 x 4 -0.2083
MY 0
xy

6.67 3.33
(0-1)- s 3.33 1667
0 0
]
(7- 0)}

Midplane strains and plate curvatures ‘can now be calculated using Equations 6+ &3

and 664
-18.5

-18.5
-3 x 0 =

o

0.2083
-0.2083

11,67
3.33

¢ ~1.4216\
X

2l= 1034 J -1.4216
y

° 0

0.972

0.278

0

0.278
0.972
0

0
0

O.ij

0

0

3

o< 0 X o

<
~<
~

x R R

xyj



- fK -
X
{K =103 «
y
K
xy

Mechanical strains in the plies are:

X
M
Y

MY

€

M

ny J 0°

, -

M

3

1077 x

3

e =]0— X

Y
M

YXY 900

Thermal stresses are:

(T
o,

X

16,67

3.33

L 0

r6.67

3.33

~ AmeaaN
~-2.2589

2.2589
0

-1.4216 - 2.2589Z + 0.7 )

-1.4216 + 2.2589Z + 2.3 y

0

624

1l

-1.4216 - 2.2589Z + 2.3

-1.4216 + 2.2589Z + 0.7 » =

3.33

6.67

3.33

16.67

-0.7216

0.8784

( 0.8784

-0.7216

107° x} 0.8784

1077 x) -0.7216

+

-0.7216

+

0.8784

3

+

2.2589Z
MPa_
2.25897

2.2589Z

MPCL.

2.2589Z

2.2589Z

2.25897

2.2589Z

2.2589Z
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oty
Q matrices for 0 and + 60 laminae can be calculated to be:

["d]oo =[16.67 3.33 0
3.33 6.67 0
0 0 3

['Qléoo =(8.2917  4.2083 1.66
4.2083 13.2917 2.67
L 1.66 2.67 3.875]

@0 [8.2917  4.2083 1.6
4.2083  13.2917 -2.67

f] .66 -2.67 3.875}

For unit thickness of each lamina and assuming that the +60° lamina is placed on the
negative Z-axis and -60° lamina on the positive Z-axis, A, B and D matrices can be

calculated as:

Al= [33.25 11.75 0
11.75  33.25 0
0 0 10.75
8] = 0 0 -3.32
0 0 -5.34
\-3.32 -5.34 0
D)= [19.3542  9.3958 0

9.3958 29.3542 O
0 0 8.6458



g oy 7
a, ([ =dorl = {23 }x 107 /°c
QlXY 00 0 O
¥, RZY, -ﬁ/zﬂ (7 19
. = |as v 132 ~.{23 «107¢ =y 11
av) 400 Es'/4 -{3/4 -1/2_ L 0 -6.928
o, . 19
%, =31 x 107¢ /°¢
) o L6928
Thermal forces and moments can be calculated as follows:
AT =25-125= -100°c
(&, @, Q,, , -19.33
ATx |, Qp Qg o, L =4 -17.67 4107
Q¢ Qs R I % 0
a,, Q,, 6]67 o\ (-19.23
aTx |y Qy Qe o, % =< -20.77 Lx 107
Fus Qs Qg s L % Jge -3.41




- — ’
Q]] Q]Z Q]b CYx ‘]9.23
- e st _ 3
AT X Q]Z Q22 Q26 ".VY ._ -20.77 X ]O
| e Qs Qe |0 L %) g0 *3.41
Nl 219.33\ -19.23 -19.23
NI/ ) sl w1078 +d 200770 1073 +) 20,77\ < 1073
NT 0 -3.41 3.41
Xy
NT ~57.79
X
N; =) -59.21L x 1073
T 0
xy
Ml 219.23 -19.23
M; “1/20.52-0.5%) x 1073 x4 -20.77 % +1/2 0.52 - 1.5%) x 1073 x) -20.77
MmT 3.41 -3.4]
xy
P
MT 0
X
ML= 10 o
y
MT 6.82
\ ' xy

Midplane strains and plate curvatures can now be calculated using Equations 6.63 and 6. 64 ¢



57.79 \
&59 21

Solving above matrix equation gives midplane strains and plate curvatures as:

O‘<O ><0

e
I

;
:

(33.25  11.75
11.75  33.25
0 0
0 0
0 0
| -3.32 -5.34

-1.2957

-1.4166

{-0 5837

~Mechanical strains in the plies are:

4

-1.2957 +0.7\

-1.4166 +2.3 >

L-0.5837 Z+ 0
y

-1.2957 +1.9
-1.4166 +1.1

-0.5837Z -

.6928

10

0

0

10.75

-3.32

-5.34

0

-3
X

10'3

L

0
0
-3.32
19.3542
9.3958
0

-0.5957

0.8834

-0.58372

0.6043

-0.3166

0
0
-5.34
9.3958
29.3542
0

-0.6928 - 0.5837Z

3.32 )
-5.34

0

0

0
8.6458]

o

(9]

R R R

~X 0 X

X<O

4

Xy



0.6043

1007 x )} -0.3166

Z‘ZXZ

0.6928 - 0.5837Z

i

Thermal stresses are:

3 -
o 16.67  3.33 o\ [ -0.597
c; ? = 3.33 6.67 0 0.8834 M

T ) )
L TX)”J ° L 0 0 Sy o\ 0.5837Z
ol F 82917  4.2083 1.667)( 0.6043
g; = 4.2083 13.2917 2.67 -0.3166
n 1.66 067  3.8750 | -0.6928 - 0.5837Z
o1 ~8.2917  4.2083 -1.687Y [/ 0.6043
X
g; T = 4.2083  8.2917 -2.67 | € -0.3166
o -1.66  -2.67  3.875 | 0.6528 - 58372
XYJ =6OO bes.
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(o)
-3
o

(a)  Taking x and y axes in the axial and circumferential directions
the stresses can be written as

ox (6) = ox (-0) = o1, cos26
oy (6) = oy (-6) = or, sin20
Txy (0) = “Txy (-6) = -01, sinb cosO

Integration of stresses over the thickness of the laminate gives

%[ax(e) + 0, (-8)] = o, cos’6

%axial

®hoop = %[G,(B) + O, (——9)] = o, sin’@

() T, = = [150) + 7, (=0)] = 0

(o) For a thin-walled, closed-ends pressure vessel

Choop = 26axial
Therefore,
cLsinZB = 26Lc0326
or tanze = 2
6 = 54.7°

6.19 0° plies may be assumed to be the outermost ply so that hoop directions
coincides with the x-axis. Due to bending of plate into the tube, the
plate curvatures can be written as

! 1
k, = — = —-0.02mm™, k, =k =0
50

Yy xy
where mean radius of the tube is assumed to be 5cm.

It can be easily visualized that applications of a torque on a thin tube is
equivalent to a resultant shear force on the plate. Thus, the resultant
forces are

17
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= Dox1000 01 6318 N/ m
" = 50 x 27x 50

With the above loading and deformation conditions, analysis can be
carried out using semi-inverted form of constitutive equation [Eq.
(6.29)]. Calculation can be carried out in the following sequence.

138.81 2.70 0
[0, = (2], =| 270 9.01 0|GPa
. 0 071
[9.01 270 0
[0],., =1]270 13881 0| GPa
o 0 71

147.82  5.40 0

[A] = 540 147.82 0| GPa - mm
0 0 14.2
~32.45 0 0]
[B] = 0 3245 0 GPa-mm?
0 0 0 J
49.27 180 0
[D] = | 180 49.27 0| GPa-mm’
0 0 473
6.7740 ~0.2475 0 )
[47] = 107 |-0.2475 6.7740 0| o
0 0 70.4225 4
-219.82 ~8.03 0
[a7] [B] = 10°]| 8.03 219.82 0| mm

0 0 0



b B2

Mid-plane strains are obtained by substituting values of {N}, {k}, [A~*], and
[A-1] [B] in Eq. (6.2p) with appropriate units:

E; —4396.4
g r=10"°{ 160.6
,yzy 2.2

From the knowledge of midplane strains and plate curvatures, strains can be
calculated using Eq. (6.6) and stresses using (6.9). Strains and stresses on the
outermost surface (z = -1) are

\

e, ] —4396.4 ~0.02 15,603.6

de, b = 104 160.6 p + (-)§ 0 = 10°4 160.6

Y ) 2.2 0 2.2

(o) 138.81 270 07 (15,603.6 2166.4

{o,t = 10°| 2.70 9.01 0 160.6 y GPa = { 43.6 MPa
) 0 0 71 2.2 0.02

Strains and stresses on the innermost surface (Z = 1) are

e, ~4396.4)  (-0.02 (~24,396.4

le,t = 10°{ 160.6++< 0 + =10°3 160.6

7 2.2 0 { 2.2

(] 79.01 270 07 (-24,396.4) ~219.4
do,p = 10°1270 13881 0 160.6  GPa = { —43.6, MPa
<, 0 0 7.1 2.2 | 0.02
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6.20.
Obtain [Q] matrix for the lamina using Eq. (5.78)

138.81 2.70 0
[O]=| 270 9.01 O |GPa
0 0 7.10
(Note: This is the same matrix as obtained in Example Problem 5.3)

[Q] matrices are:
138.81 2.70 O
[0], =| 270 9.01 0 |GPa
0 0 7.10

9.01 270 0
[0],, =| 270 13881 0 |GPa
0 0 710

By assuming thickness of each laminate to be t mm, obtain the following A, B and D matrices
using Eq. (6.20)

t 0° B .
t 9()° 1
hy
147.82 5.41 0 ,

[4]=| 541 14782 0 |tGPamm

0 0 142
-6489 0 0
[B]=| 0 6489 0|t’® GPamm’
0 0 0]

4928 1.80 0
[D]=| 1.80 4928 0 |t’ GPamm’
0 0 473

Thermal forces and moments can be calculated as follows:

AT =-100 °C



634

NT) ( ~0.30) 28.10
N7 b =(=100){(D], 28.10}x10“6xt+[_Q—]900 ~0.30bx10°x ¢
T
N, 0 0
[NT]  (-286.6
N] +=4-286.6{x107"t GPa.mm
N, 0
M 1 ~0.30 28.10
M) :-2-x(—100) (0], 428.10 x107°x (-£*) +[0],, {030  x107°x /*
M 0 0
M! 1.09
M t=1-1.09;x107t* GPa.mm”’
M 0

Plate curvatures can be obtained from Eq. (6.33) by first determining C’ and D’ matrices as
follows:

00211 0 0
[C1=| 0 -0.0211 0[t? ——
GP
0 0 0

0.0483 -0.0018 0
[D']=|-0.0018 0.0483 0 |xt®
0 0 02113

1
GPa.mm’

The following plate curvatures are obtained from Eq. (6.33)

x, =-1.1535x107t™
Kk, =1.1535x107t"

ny=0

Since x,and x have opposite signs, the laminate curvatures in the x and y directions will have
opposite signs. Thus, the laminate takes the form of a saddle as shown below:
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Both plate curvatures, x, and x, increase as the lamina thickness increases, but their signs are

independent of thickness. Therefore, the laminate curvatures in x and y directions will always
have opposite signs, but warping will be more pronounced for thinner laminates. Further, if one

of the inplane laminate dimensions (width or length) is small, the laminate may appear to take a
cylindrical shape rather than a saddle shape.



Chapter 7- Solution

7.1:  Following are the properties of E-glass-epoxy from Appendix A.4.1:
E; =38.6 GPa, E,=8.27 GPa, G;;=4.14 GPa, and v,,=0.26
(@) ]
1w ]
E lEl 0.0259 —-0.006736 0
[S]=| ——2L — 0 |=|-0.006736  0.121 0 |1/Gpa
EZ EZ
| 0 0 0.21455
0 0 —
L G12 _

39.17 218 O
[0]=[S]"=| 2.18 839 0O |GPa
0 0 4.14

(b)  For 6=0°[0], =[0I

839 218 0
For 6 =90°, [Q],, =|2.18 39.17 0 | GPa
0 0 4.14

[p)-33[0], (- 1.)

[0]4 plate

This laminate may be considered as one lamina of thickness Smm,
1 —_
so that D = =[O}, x[(2.5) —(-2.5)]

408 23 0

[D]=| 23 87 0| GPamm’
0 0 43



T2

[0/90], plate

hg=-2.5 mm, h;=-1.25 mm, h,= 0 mm, h3 = 1.25 mm, hy;= 2.5 mm,

368 23 O
[D]=| 23 128 0 GPa.mm’
0 0 43

(c) Center deflection is obtained from Eq.(7.32). Substitution of numerical values
for Dy1, D2z, Di2, Dgs, po=25 Pa, and a=b = 0.5 m in Eq.(7.32) gives the
plate center deflection for [0]4 plate as:

. s ()"
0.25,0.25)=0.416 :
Wo ) m=1,3,‘,‘n§ mn (6,527.84m*+3,487.36m’n’ +1,399.52n" )

sene

Note: GPa.mm’= Pa.m’. Therefore, the values of Dy, etc. obtained above can
be directly substituted to obtain deflection in meters.

Center deflection (wy x107m) is obtained from the above series by considering a finite
number of terms in the series. The results for different number of terms are as follows:

m\n 1 3 5 7 9 11
1 3.6452 3.5535 3.5621 3.5604 3.5609 3.5607
3 3.5360 3.5410 3.5398 3.5401 3.5400 3.5401
5 3.5421 3.5415 3.5418 3.5416 3.5417 3.5417
7 3.5413 3.5414 3.5413 3.5414 3.5414 3.5414
9 3.5414 3.5414 3.5415 3.5415 3.5415 3.5415
11 3.5414 3.5414 3.5415 3.5415 3.5415 3.5415

The table makes it obvious that the center deflection, wy, converges to 3.54x107° m.

By following the procedure of Example 7.1, the mid-plane strains and plate curvatures
are obtained as:

{8°}=0




k,| [(1.343)
k, t=11.173}x107
k,, 0

The maximum plate stresses are:

ox = 138,000 Pa o,=31,900 Pa, and 1., = 0.

The center deflection for [0/90]; plate is:

H]'Hl

© PR
w0(0.25,0.25)=0 4162: 12 mn(5,886.72m" +3,487.36m’n’+2,039.68n")
Plate center deflections (wox 107 m) for different number of terms are given in the
following Table:
m/n 1 3 5 7 9 11
1 3.6452 3.5768 3.5828 3.5817 3.5820 3.5819
3 3.5547 3.5597 3.5586 3.5589 3.5588 3.5588
5 3.5610 3.5604 3.5607 3.5606 3.5606 3.5606
7 3.5602 3.5603 3.5603 3.5603 3.5603 3.5603
9 3.5604 3.5604 3.5604 3.5604 3.5604 3.5604
11 3.5604 3.5604 3.5604 3.5604 3.5604 3.5604
The center deflection converges to 3.56x 10” m.

The mid-plane strains and plate curvatures are obtained as:

{e}=0

k 1.345

k, t=41.238:x107
k 0

The maximum plate stresses are:

o, =138,000 Pa, o,= 33,300 Pa, and T,

=0
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7.2:  [Q] and [Q]matrices are the same as in Problem 7.1. Following the procedure of
Problem 7.1, the following results are obtained:

[0]4 plate

3,264 181.8 0
[D]=|181.8 6993 0 | GPa-mm’
0 0 345

Wy = 7.08x10°m
o, =138,000 Pa, o, =31,900 Paand 7, =0
[0/90], plate

2,943 1818 0
[D]=]181.8 1,020 0 | GPa-mm’
0 0 345

W, =7.12x10°m
o, =138,000 Pa, o,= 33,300 Pa, and T, = 0

7.3:  Following are the properties of Kevlar 49-epoxy from Appendix A.4.1:
E;=76.0 GPa, E;=5.50 GPa, G1;=2.30 GPa and v,,=0.34

Following the procedure of Problem 7.1, the following results are obtained:

76.44 1.89 0
[0]=| 1.89 554 0 | GPa
0o 0 23

1. Plate thickness = 5 mm, plate edge = 0.5 m

[0]4 plate

796 19.6 0
[D]=|19.6 578 0| GPamm’
0 0 24
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Wo = 2.5x10° m

o, =186,500 Pa, o, =13,800 Pa, and 7,, =0

[0/90], plate
704 19.6 0

[D]=|196 150 0| GPamm’
0 0 24

Wo=2.56x10"m

o, =191,200 Pa, o, =16,500 Pa, and 7,, =0

11. Plate thickness = 10 mm, plateedge=1m

[0]4 plate
6,370 157 0

[D]=| 157 462 0 | GPamm’
0 0 19

Wo=5.0x10"m
o, =186,500 Pa, o, =13,800 Paand 7,, =0
[0/90]; plate

5632 157 0
[D]=| 157 1201 0 |GPamm’
0 0 192

Wo = 5.12x10°m

o, =191,200 Pa, o, =16,500 Paand 7,, =0
7.4:  Following are the properties of T300/N5208 Carbon-epoxy from Appendix A.4.1:
E;=181.0 GPa, E,=10.30 GPa, G;,=7.17 GPa and v,, =0.28

Following the procedure of Problem 7.1, the following results are obtained:
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1’182 2.9 o'|
[0]=]29 103 0 | GPamm’
0o 0 72

1. Plate thickness = 5 mm, plate edege = 0.5 m

[0]4 plate
1,894 302 0

[D]=| 302 108 0 | GPamm’
0 0 747

wo=1.04x10"m

o,= 183,250 Pa, o, = 9,576 Pa, and T, = 0

[0/90], plate
1,671 302 0
[pP]=|302 331 o0 | GPamm’
0 0 747

wo=1.07x10"m

o,= 188,800 Pa, o,= 12,150 Pa, and 7, =0

1L. Plate thickness = 10 mm, plate edge =1 m

[0]4 plate

15,151 2414 0
[D]=| 2414 8622 0 | GPamm’
0 0 5975

Wo=12.08x10"m

o, =183,250 Pa, o, =9,580 Pa,and 7, =0
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[0/90]; plate

13,365 2414 0
[D]=| 2414 2,648 0 | GPamm
0 0 5975

3

w,o=2.14x10"m

o, =188,800 Pa, o, =12,150 Pa, and 7,, =0

7.5:  Procedure for obtaining center deflection and stresses in a rectangular plate is the
same as that for a square plate (Example 7.1 and Problem 7.1). [Q],[—Q—:! and [D]
matrices for this problem have been obtained in problems 7.1 — 7.4. The following table

gives the center deflection and stresses for 1 mx 0.5 m plates of different materials and
thicknesses:

Laminate Lay- | Fiber Type Wo (10™m) Normal Stresses, Pa

up and

Thickness o, o,

[()]4 ,5mm Glass 15.14 157,900 127,100
Kevlar 18.10 350,500 101,300
Carbon 8.08 362,200 82,500

[0/90],,5mm | Glass 12.30 123,400 103,700
Kevlar 11.10 205,000 63,600
Carbon 4.84 205,300 50,800

{0]4 , 10 mm Glass 1.89 39,500 31,800
Kevlar 2.26 87,600 25,300
Carbon 1.01 90,500 20,600

[0/90]S ,10mm | Glass 1.54 30,800 25,900
Kevlar 1.39 51,300 15,900
Carbon 0.61 51,300 12,700




7.6:  Uniaxial buckling load for rectangular plates is obtained from Eq.(7.43). Stiffness
matrices for different plates have been obtained in Problems 7.1-7.4. Buckling loads are
obtained for different sets of m and n values and the appropriate stiffness. The following
table gives buckling loads for different cases. It may be pointed out that for most cases
critical buckling load occurs when m =n = 1. However, for some cases (marked with an

7-9

asterisk) it occurs form =1 and n = 2.

Uniaxial buckling loads for square plates, N/m

[0]4 [0/90]s
NOX NOy NOX N()y
a=b=05m 28,200 26,430%* 28,200 28,160
E-glass- h=5mm
epoxy a=b=1m 56,300 52,870% 56,300 56,300
h=10mm
a=b=05m 39,100 22,320* 39,100 35,980%*
Kevlar- h=5mm
epoxy a=b=1m 78,100 44,630%* 78,100 72,000%*
h=10 mm
a=b=05m 93,200 49,890* 93,200 82,900*
Carbon- h=5mm
epoxy a=b=1m 186,000 99,770%* 186,000 165,900%*
h =10 mm
7.7:

Uniaxial buckling loads for rectangular plates (a =1.0 m, b = 0.5 m), N/m

NOX
[0 [0/90];
E-glass- h=5mm 26,430 28,160
epoxy (m=1,n=1) (m=2,n=1)
h=10mm 211,500 225,300
(m=1,n=1) (m=2,n=1)
Kevlar- h=5mm 22,320 35,980
epoxy (m=1,n=1) (m=1,n=1)
h =10 mm 178,500 287,900
(m=1,n=1) (m=1,n=1)
Carbon- h=5mm 49,900 82,900
epoxy (m=1,n=1) (m=1,n=1)
h=10 mm 399,000 664,000
(m=1,n=1) (m=1,n=1)
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7.8:
Equibiaxial buckling loads for plates in Problems 7.1-7.4
Np (N/m)
[0l [0/90];
E-glass- |a=b=0.5m 14,100 (m=1,n=1) 14,100 (m=1,n=1)
epoxy a=b=1m 28,200 (m=1,n=1) 28,200 (m=1,n=1)
Kevlar- a=b=05m 17,900 (m=1,n=2) 19,600 (m=1,n=1)
epoxy a=b=1m 35,700 (m=1,n=2) 39,100 (m=1,n=1)
Carbon- a=b=05m 39,900 (m=1,n=2) 46,600 (m=1,n=1)
epoxy a=b=1m 80,000 (m=1,n=2) 93,000 (m=1,n=1)
Equibiaxial buckling loads for plates in Problem 7.5
[0]4 [0/90]s
No (N/m) No (N/m) No (N/m) No (N/m)
(a=1m, (a=0.5m, (a=1m, (a=0.5m,
b=0.5m) b=1m) b=0.5m) b=1m)
E-glass- h=5mm 5,290 14,100 6,470 13,600
00X (m=1,n=1) (m=2,n=1) (m=1,n=1) (m=1,n=1)
P tomm | 42300 113,000 51,800 109,000
(m=1,n=1) | (Mm=2,n=1) | (m=1,n=1) | (m=1,n=1)
Kevlar- h=5mm 4,460 16,900 7,200 19,500
eDOX (m=1,n=1) (m=3,n=1) (m=1,n=1) (m=2,n=1)
P omm | 35700 135,000 57,600 156,000
(m=1,n=1) (m=3,n=1) (m=1,n=1) (m=2,n=1)
Carbon- h=5mm 10,000 39,400 16,600 46,600
enox (m=1,n=1) (m=3,n=1) (m=1,n=1) (m=2,n=1)
P T omm | 80:000 316,000 133,000 373,000
(m=1,n=1) (m=3,n=1) (m=1,n=1) (m=2,n=1)
7.9:  Natural frequencies are obtained from Eq. (7.64). Stiffness matrices for different

plates have already been obtained in earlier problems. Area densities are calculated as

follows:

Glass — epoxy

5 mm thick plate:
p, = pxh=1800x0.005 =9 Kg/m’
10 mm thick plate:
p, = pxh=1800x0.010=18 Kg/m’

Kevlar — epoxy

5 mm thick plate:

p, = pxh=1460x0.005 = 7.3 Kg/m’




10 mm thick plate:

p, = pxh=1460%0.010=14.6 Kg/m*

Carbon - epoxy

5mm thick plate:

7 -10

p, = pxh=1600x0.005 = 8 Kg/m*
10mm thick plate:

p, =pxh=1600x0.010=16 Kg/m>
Using Eq. (7.64), the following results are obtained:

Glass — epoxy (5 mm thick square plate)

. [0]4 [0/90],
ode m n w,, (rad/s) m n w,, (rad/s)
1 1 1 352 1 1 352
2 1 2 681 1 2 754
3 2 1 1,139 2 1 1,092
4 1 3 1,279 2 2 1,406
5 2 2 1,406 1 3 1,480
Glass — epoxy (10 mm thick square plate)
[0]4 [0/90],
Mode m n ®,, (rad/s) m n o, (rad/s)
1 1 1 176 1 1 176
2 1 2 341 1 2 377
3 2 1 569 2 1 546
4 1 3 640 2 2 703
5 2 2 703 1 3 740
Kevlar — epoxy (5 mm thick square plate)
[0]4 [0/90];
Mode m n o (rads)| m n o (radls)
1 1 1 460 1 1 460
2 1 2 695 1 2 883
3 1 3 1,195 2 1 1,600
4 2 1 1,690 1 3 1,735
5 2 2 1,840 2 2 1,840




Kevlar — epoxy (10 mm thick square plate)

=1

Mod [0]4 [0/90]
ode m n o,, (rad/s) m n o, (rad/s)
1 1 1 230 1 1 230
2 1 2 442 1 2 442
3 1 3 598 2 1 800
4 2 1 845 1 3 868
5 2 2 920 2 2 920
Carbon — epoxy (5 mm thick square plate)
Mod [0]4 [0/90];
ode m n ®,, (rad/s) m n ®,, (rad/s)
1 1 1 678 1 1 678
2 1 2 992 1 2 1,280
3 1 3 1,643 2 1 2,356
4 2 1 2,491 1 3 2,486
5 2 2 2,713 2 2 2,713
Carbon — epoxy (10 mm thick square plate)
[0]4 [0/90];
Mode m n ®,, (rad/s) m n o,, (rad/s)
1 1 1 339 1 1 339
2 1 2 496 1 2 640
3 1 3 822 2 1 1,178
4 2 1 1,245 1 3 1,243
5 1 4 1,310 2 2 1,356
Glass — epoxy (5 mm thick rectangular plate)
[0]4 [0/90];
Mode m n ®,, (rad/s) m n o,, (rad/s)
1 1 1 170 1 1 188
2 2 1 352 2 1 352
3 1 2 533 1 2 629
4 3 1 677 3 1 655
5 2 2 681 2 2 754
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Glass — epoxy (10 mm thick rectangular plate)

Mod [0]4 [0/90],
ode m n @, (rad/s) m n w,, (rad/s)
1 1 1 341 1 1 377
2 2 1 703 2 1 703
3 1 2 1,067 1 2 1,257
4 3 1 1,353 3 1 1,311
5 2 2 1,362 2 2 1,507
Kevlar — epoxy (5 mm thick rectangular plate)
Mod [0]4 [0/90];
ode m n w,, (rad/s) m n w,, (rad/s)
1 1 1 174 1 1 221
2 2 1 460 2 1 460
3 1 2 487 1 2 742
4 2 2 695 2 2 882
5 3 1 968 3 1 926
Kevlar — epoxy (10 mm thick rectangular plate)
[0]4 [0/90]; -
Mode m n w,, (rad/s) m n w,, (rad/s)
1 1 1 347 1 1 441
2 2 1 919 2 1 919
3 1 2 973 1 2 1,485
4 2 2 1,390 2 2 1,765
5 3 1 1,937 3 1 1,852
Carbon — epoxy (5 mm thick rectangular plate)
[0 [0/90];
Mode m n w,, (rad/s) m n ®,, (rad/s)
1 1 1 248 1 1 320
2 1 2 655 2 1 678
3 2 1 678 1 2 1,059
4 2 2 992 2 2 1,280
5 1 3 1,372 3 1 1,367
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Carbon — epoxy (10 mm thick rectangular plate)

Mods [0]4 [0/90]s
m n @,, (rad/s) m n o, (rad/s)
1 1 1 496 1 1 640
2 1 2 1,310 2 1 1,356
3 2 1 1,356 1 2 2,119
4 2 2 1,985 2 2 2,559
5 1 3 2,743 3 1 2,735

7.10: Displacement w(x, y) can be obtained from the series given in Eq.(7.30).
However, for the given load function, p(x,y), only two terms in the series are non-zero,
which are as follows:

P =7
D5, =—4

All other p,, terms are zero. Therefore, the displacement function becomes:

W(x, y) =W; sin (ﬂj sin (ﬂj + Wy, Sin(Sﬂ-ijin( 27[);)
a b a b

Where
7
W3 =
D 18 81D
7Z4(;%L+W(DIZ + 2D66)+ b422)
—4
Wsp =
625D 200 16D
754( o 1Ly e (Dy, +2D4) + bﬁj

7.11: Deflection curve for the beam with uniformly distributed load is given by
Eq.(7.89). The constants of integration are obtained by the substitution of following end
conditions.

At x =0 (clamped),

w, =0, aw, _ 0
dx
At x =L (simply supported),
2
wo=0, ¥ _g

Substitution of the above end conditions in Eq. (7.89) gives the constants of integration as
5poL _ poL2
8bD,,’ * 8bD,

C =- ,C,=0,and C, =0
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o1

Substitution of these constants in Eq. (7.89) gives the following equation for the
transverse deflection of the beam:

(2x4 —5Lx° + 3L2x2)

Py
486D,

11

W, (x) =

7.12: Constants of integration are obtained for the new boundary conditions as follows:
At x =0 (clamped),

w, =0, W, _ 0
dx
At x =L (free end),
d’w, 0 d*w, 0
dx* T dx?

Substitution of the above end conditions in Eq. (7.89) gives the constants of integration as
2
Pok , C, __3pnl ,C,=0and C, =0
bD,, 2bD,,
Substitution of these constants in Eq. (7.89) gives the following equation for the
transverse deflection of the beam:
Py 4 3 2.2
w =———(3x" —4Lx -18L"x
(=0 )

11

C =-

7.13: Natural frequencies of the beam can be calculated by using Eq. (7.111) and the
mode shape by Eq. (7.110). For the given beam dimensions (1 =1 m, b =0.050 m, and
h =0.010 m) the frequencies are as follows.

. Dn M1 (O] 3
Material and Lay-up (Pam’) (K; m’) (H2) (H2) (Hz)
Glass - [0]4 3,264 1,800 133 532 1,196

epoxy [0/90] ¢ 2,943 1,800 126 505 1,136
Kevlar - [0]4 6,270 1,460 206 825 1,855
epoxy [0/90] ¢ 5,362 1,460 194 775 1,745
Carbon - [0]4 15,151 1,600 304 1,215 2,733
epoxy [0/90] ¢ 13,365 1,600 285 1,141 2,567

Mode shapes corresponding to the first, second and third natural frequencies are given by
the following functions,

W, =sinzx

W, =sin27x

W, =sin3zx
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7.14: It can be shown that for a beam clamped at both ends, the following series will
satisfy the governing equation (7.102) as well as the boundary conditions:

2mmrx

-—IJ (m=1, 2, 3,...)

(1) = 3w, (cos

Substituting this equation into (7.102) gives:

N - 47°bD,m’
0 L2
. . : : o B 47°bD,,
Critical buckling load is obtained by substituting m = 1: (No)m, = 7
Numerical values are given in the following Table:
Material Lay-up Dy; (Pa.m’) (No)eri (N)
Glass-epoxy [0]a 3,264 6,443
[0/90]; 2,943 5,810
Kevlar-epoxy [0]4 6,370 12,570
[0/90], 5,362 11,200
Carbon-epoxy [0]4 15,150 29,910
[0/90], 13,370 26,380

(*L =1 m, b= 0.050 m, thickness = 10 mm).




Chapter 8

8.1.

Following are the Q matrices '

[EQ] = 148.43 3.21
0°
3.21 11.07
0 0
[Q]90° = 11.07 3.21
3.21 148.43

0 0

GPot

GPo\



Q-2

- [4678 3618 34.34 |
36.18 46.78  34.34 G
34.34 34,34  38.27

o1
=
O

o

L

[Q] 40 = J46.78 36.18 - 34.34
36.18 46.78 - 34.34 G fo-
-34.34  -34.34 38.27

[0/ + 45/90 1,

For unit thickness of laminae at each orientation the [A] matrix may be

written as:
[A] = | 253.06 78.78 0
78.78 253.06 0
0 0 87.14

2 va
_ 2 T 7 253.06° - 78.78

2x 8/.14

Note that the laminate under consideration is quasi-isotropic and
hence, isotropic stress concentration factor of 3 is obtained for this

laminate through Eq. .20,

[ /90 ]

45

For unit thickness of laminae at each orientation, the [A] matrix

may be obtained as:

(Al = |159.50 6.42 0
6.42  159.50 0
0 0 10.6
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/ , ,
KT =1+ [ (\_A—S—;—.;O—z-- .42 + 199.507 - 6.42 )

V 159.50 2x10.6
KT = 5.116
8'2“ For quasi-isotropic laminate [o/j_: 45/90 ]S , kT will be same, that

is 3, as in prob. &-{;

Following are the Q matrices for 0° and 90° plies:

@ = [39.17 219 0
2.19  8.42 0

0 0 4.1

@ = [s42 219 o0
°0" 2.19 3917 0
0 0 4.1

For unit thickness of laminae at each orientation, the [A] matrix

may be obtained as:

[A] = |47.59  4.38 0
4.38  47.59 0
0 0 8.2

Ky = 1+\/ 2 (Virs? - a3p ¢ 57438
- 47.59 2 x 8.2

= 3.75
KT
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Q-4

(1). Using material from problem B4 (EL =147.5 Gfr ,
Er=11.0 GPa | ete.)
(a) for (0/£45/90),, laminate Ky =3
(b) for (0/90)45 laminate KT =5,12
(2). Using material from problem (6.7): (E; =38.6 G Pat/
Er=8.3 Gfr, etc.)
(c) for (0/% 45/90)25 laminate Ky =3
(d) for (0/90)45 laminate Ky = 3.75
dd=1mm. ao=4mm

Point-Stress Criterion:

U'N _ 2

% 2+ P} +3P‘{f—(kT-3)(5P§-7P§3)

where Py = R
1 R+d_

o}

R ranges from 0 = 15 mm

Average-Stress Criterion:

SN 2(]-?2)

% 2- Py - P5 + (g = 3) (P - P3)
where Py = ~pirg—

. o

R ranges from 0 = 15 mm



(@  For (/£ 45/50), Ky = 3
TN zu_
R o, E
(mm) (Point=Stress Criterion) (Average=-Stress Criterion)
0 |.00000 1.00000
| 0.8205I 0.81499
2 0.65854 0.71053
3 0.56952 0.64112
4 0.51696 0.59259
5 0.48295 0.55691
6 0.45935 0.52966
7 0.44207 0.50821
8 0.4289I 0.4%09I
9 0.41856 0.47668
10 0.41022 0.46477
i 0.40335 0.45467
12 0.39740 0.44599
13 0.39272 0.43846
14 0.38853 0.43187
15. 0.38489 0.42605



(b) For (0/90) 2% K = 5.12
R TN N
% %

(mm) (Point-Stress Criterion) (Average - Stress Giterion)
0 .00000 1.00000
| 0.85843 0.81694
2 0.74475 0.70955
3 0.64292 0.63729
4 0.55869 0.58399
5 0.49473 0.54227
6 0.44701 0.50836
7 0.41101 0.48010
8 0.38328 0.45618
9 0.36146 0.43566
10 0.34394 0.41790
1 0.32961 0.40239
12 0.3I771 0.38875
13 0.30768 0.37668
14 0.29913 0.365%94

15 0.29176 0.35633
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(c) For (0/° 45/90),  Ky=3

on

R N ' °N

| % T

(mm) (Point-Stress Criterion) (Average=-Stress Criterion)

0. 1.00000 1.00000
1 0.82051 0.81699
2 0.65854 0.71053
3 0.56952 0.64112
4 0.51696 0.59259
5 0.48295 0.55691
6 0.45935 0.52966
7 0.44207 0.50821
8 0.42891 0.49091
9 0.41856 0.47668
10 0.41022 0.46477
11 0.40335 0.45467
12 0.39740 0.44599
13 0.39272 0.43846
14 0.38853 ; 0.43187
15 0.38489 0.42605
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(d)  For (0/90) 4 Ky=3.75

R N oN
% - %5
(mm) (Point=Stress Criterion) (Average~Stress Criterion)
0 I.00000 1.00000
| 0.83354 0.81697
2 0.68666 0.71018
3 0.59349 0.63976
4 0.53099 0.58952
5 0.48705 0.55164
6 0.45491 0.52192
7 0.43056 0.49790
8 0.41157 0.47803
9 0.39640 0.46131
10 0.38403 0.44703
11 0.37377 0.43469
12 0.36512 0.42391 .
13 0.35774 0.41442
14 0.35138 0.40599
15 0.34583 0.39847
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2.4

Q-

For sharp crack:

(i) Point stress criterion:

“ T o2
c-l\: =\/]"P3

where P, = C
3 C+ do

and

(i1) Average stress criterion

N _ 4

o )
o 1+P4

where P, = C
4 TFa_

(o}

C ranges from 0 - 15 mm
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C N TN
<y(') c'-O
(mm) (Point-Stress Criterion) ~ (Average - Stress Criterion)
0 1.00000 1.00000
1 0.86602 0.81649
2 0.74535 0.70710
3 0.66143 0.63245
4 0.60000 0.57735
5 0.55277 0.53452
6 0.51507 0.50000
7 0.48412 0.47140
8 0.45812 0.44721
9 0.43588 | 0.42640
10 0.41659 0.40824
1 0.39965 0.39223
12 0.38461 0.37796
13 0.37115 0.36514
14 0.35901 0.35355
15 0.34798 0.34299
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5. Fracture toughness for sharp crack for point and average stress criteria are

respectively

Kq= o v/ 7C (- 932)

and

=P,
Ka = %/ " C Ty,

4
o
or KQ = /"C(‘“Pé) = -‘—r:l- T
o o
o
and —= = mC( ) = = VS
% 1+P4 o

C ranges from 0 - 15 mm
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C KQ L KQ
R g o,
(mm) (Point Stress Criterion) (Average ~ Stress Criterion )
4] 0 0
1 1.53498 ' 1.44719
2 1.86831 1.77243
3 2.03057 1.94160
4 2.12694 -2.04465
5 2.19080 2.11847
6 2.23623 2.17080
7 2.27026 2.21061
8 2.29667 2.24197
9 2.31773 2.26732
10 2.33498 2.28818
11 2.34936 2.30574
12 2.36149 2.32065
13 2.37189 2.33349
14 2.38092 2.34471
15 2.38877 2.35451
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CHAPTER 4

For laminate [018
The load acting on laminate [O]Bis primarily carried by fibers.
Therefore, fatigue failure in the laminate would occur due to

fiber break followed by matrix failure.

For laminate [0/;*_‘45/90]‘5

First, the weakest lamina with 90° fiber orientation would fail due to
interfacial failure causing debonding. This would be followed by a
failure in + 45° lamince caused due to a combination of interfacial
shear failure and debonding. At this stage most of the fatigue load

is carried by fibers in the 0° lamira and finally the fibers would

break in 0° lamina .

N Sg (M) t (min.)  S_(MP=)

10° 84 0.5 23
104 70 5 19
10° 60 50 15
100 52 500 1
Eq. 9]
SA . S\t

5 e
Subsfituting the values of Sg and S¢- in Eq 4 .1, fatigue strength at

different cyclic lives can be related to the mean stress through the

following equations:



9-2

N Relationship between 55 and S,
3 =
10 Sa 84 - 3.652 5,
4 =
10 SA—7O 3.684 5,
10° S,=60-4.08
A UM
6 .
10 SA—52~4.727 SM

The equations can now be plotted on Sy - Spy axes .

From Fig.q .6 the following values can be obtained corresponding to
20,000 cycles:
Modulus = 3.94 x 10°psi

Relative residual strength 0.6

.*. Residual strength = 0.6 x 124,000 = 74,400 psi

Assume the material to behave linearly, the strain to failure after

20,000 cycles will be:

. = 74,400

; =0.0189 or 1.89%
3.94x 10

Therefore, the laminate will fail if subjected to 2 %strain.

The high modulus graphite fiber sustains a very low strain at failure.
The low strain could not develop stresses which are sufficient to cause
delamination. Whereas the glass fiber composite with a modulus nearly
1/5 of the modulus of graphite fiber and value of breaking stress higher
than of graphite, would break at much higher .vclue of strain. The large

strain would develop sufficient stress at the interlayers which in turn

causes delamination.
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CHAPTER IQ

Stress, c=1-7-539—0-7-= 10 N/mm2 =10 MPax.

1Ll X 4

Apparent Elastic moduli:
- _10

E
30° ~ §.0925

x 100 =10.81 x 10° MPx.  =10.81 G

Egso= —10 x100=9.52x 10° MPx =9.52 GPa
0.105

Epo=—10_ x100=6.67x 10° MPx  =6.67 G4
0.150

Moduli obtained by transformation (Prob.5 5) are:

Eaq0 = 10.87 Gfa

Eys0 =7.43 G Px

Egp0 =5-02 G i
It is observed that the apparent elastic modulus for 30° specimen is close
to the one obtained by transformation but for the 45° and 60° specimens,
the apparent elastic moduli are different from the transformed ones. The

following values OFQ'” can be obtained using Eqs. 570 ond .95

(Q"])45° = 9.49, (Q”)éoo = 6.66

Thus the apparent elastic moduli for 45° and 40° specimens are actually Q”

-
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|0- 3, Strain transformation equations are
ey, = ex 0520 + ey sin0 + Yxy sin6 cosd
e = ex sin2@ + ey 0s20 - Txy sinf cos®
YL = 2(ey - ex) sind cosB + Txy (cos20 - sin26)

- g45 can be obtained by substituting 6 = 45° in the first of the above equations:
1
€45 = 5 (e, + &, + 7,)
or Yo = Q€5 — €, — &)
Substitution of value of Ty in the strain transformation equations gives
gp, = cosb (cosB) - sinB) ex + sind (sind - cosh) ey + 2sin6 cosH €45
T = sinb {(cosb + sin) ex + cosd (sinb + cos6) ey - 2 sind cosd €45

YT = ~(c0s28 + 2 cos8 sind - sin20) ey - (c0s26 - 2 sinb cosb - sin26)ey
+ 2(cos28 - sin20) e45

om

0.4, From Problem 6.3
1

Tir = ""'5 Cp Yir = (ey - £)
TLI‘ _O-x O-x/ex
GLT:/y '—‘2(8—8)2 P
i1 SR P
81

£

.. g
Substituting —* = E, and ——* = v,
€ £

— EX
T2+ vy)
l0:5. Gy 1 can be calculated using Eq. |0, |G

From test on [+45]g laminate

G, = —28 _ _ 621 6pa

2(1+0.69) '

From test on [45], laminate

Gy = 187 6.20 GPa

2(1+0.28)
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10-6.

Shear force (The component of force parallel to the long edge of the
specimen) = P cos a }

A N DN
At failure:

- P cos a
TLTU ot

where t = specimen thickness

Thus, failure load

Tty @ f
cos o

P =

The load angle, a, can be approximated by

_ -1 b
a = tan =

Therefore

P=rppyxtx Va2 +p2

In a 4 point bend test, a constant maximum bending moment occurs af
different sections along the length of a beam between two loads. Proba-
bility of meeting a flaw in this case is, therefore, more than that in
3-point bend test where the maximum bending moment occurs at a
section at the center of the beam. Thus, a 4~point bend test always

give a lower value of flexural strength than a 3=point bend test.
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lo-4

Mid-span deflection in a three-point bend test is given by

P
A8EI

PI?

that E =
S0 tha 43 &

= 1 kN
5.1 mm
= 100 mm

Tli x 125 x 3) = 28-125 mm’

Given

SN O o
1l

P~
I

Substitution of values gives

3
E = 1 x (100) = 145.2 kN /mm?® or 145.2 GPa
48 x 5-1 x 28-125

Strain energy released by the system during crack extension at

constant load

= Initial strain energy stored by the specimen
* work done by the loads - final strain energy

stored in the specimen

1

Therefore A U' = :])_Pa + Pdy - LP(s +ds) = | pds

1
2 2

Strain energy release rate:

G=2Y_-1lp2s
3¢ 2 d ¢
5= Pk >258 = p 3/
‘ d¢c d ¢
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{00, Bending moment for tension failure of the specimen (Eq. |0, jq\) '
M= — o bh
In a three point flexural test
M= L
Therefore, load to cause tension failure

po_ 2 bh
t - 3 “u L

Shear force required to cause interlaminar shear failure (Eq. |0.20).

_ 2
F = -3- Tubh
For a three point flexural test
F= o P

Therefore, load to cause interlaminar shear failure

- 4

Toensure interlaminar shear failure
<
PS Pt

_Therefore

Table 3.| shows that compression strengths of unidirectional glass~epoxy
and graphite-epaxy compasites (0°) are lower than their tensile strengths.
Therefore span to depth ratios should be calculated on the basis of com=

pression strengths,
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012

Initial Kinetic Energy of the tup, E_ = 1/2 MV

Energy absorbed by the tup E = :/{Pdf =

lo- 4

For glass-epoxy 0° composite:

-}%‘- < mioo' = 9,68

For graphite~epoxy 0° composite:

—'ﬁ'— < 2———“3-1366 = 6,04

let | distance between the notches

1l

t
b

specimen thickness

specimen width

Load to cause tension failure at the weakest section:
F’f = —E- T, bt

Load to cause interlaminar shear failure between notches:
PS =T, Ib

To assure interlaminar failure of the specimen
Pg < Pf

ot

or|<-7—t’r—,-—
u

2

Final Kinetic Energy of the tup, Ef =1/2 l‘v\VF2 = Eo (2-3 - 1)
)

Where 2v=v +v
o f

<I<s

E

a
o
(Using Eqs 10,38 and 10:39 )

2
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For energy balance

E=E -E
o f
Substitution of expressions for E, E | and E¢ and simplification will yield:
- E
Y o=y- 8
v 4E
o o

Eﬂ,. 10« A2 will follow immediately.

1013 | E_= mgh=2x9.81x3 = 58.8 Nm

LR
L]

m
i}

m
1t

7.91 =
t 7.9] (I - m) = 7.644 Nm

SRR 1,437 Nim

{014, E,=0.25x 9.81x 3 = 7.3575 Nm
E.=6.38(1 - T;%%%ﬁ) = 4,997 Nm
£, =7.91 (0 = =55 0) = 5.784 Nm

Ep =5,784 - 4,997 = 0.787 Nm

E _ v _
-SRI =0.9
a o
E-E
Error = £ = 0'099 1. . -;- or 11.1%



