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The analysis is considered in the following sequence: 
 

1. Stress analysis 
- Of a lamina :  1ply 
- Of a laminate 
2. Strength analysis 
- Of a lamina  
- Of a laminate 

 
A detailed list of this section is given below as a convenient 
reference 

Analytical laminate Analysis 

“Classical laminate Theory” 



Contents: 
 

Lamina stress-strain analysis (Mechanical loading) 
Stress-strain system 
Constitutive stress-strain relations 
Compliance strain-stress relations 

- In terms of engineering elastic constants 
Summary of elastic constant interrelations 
Transformation to general x-y axes 

- Generally orthotropic constitutive relation 
- Generally orthotropic compliance relation 
- Transformed engineering constants 

Laminate stress-strain analysis (Mechanical loading) 
Classical Lamination theory 

- Plate under extensional and flexural loading 
- Resulting deformation 
- Force and moment resultants 
- Layer stresses 
- Force and moment resultants 

Laminate stress-strain analysis (Mechanical loading) 



- Laminate constitutive relation 
- For symmetric laminates 
- For unsymmetric laminates 

. Standard matrix inversions 
- Equivalent engineering elastic constants 

. Membrane equivalent elastic constants 
        . Bending equivalent elastic constants 

- Layer stresses and strains 
. Calculation of mid plane deformations  

        . Calculation of of layer total strains 
        . Transformation to 1-2 material axes 
        . Calculation of layer total stresses 

Laminate stress-strain analysis  (Hygro-thermal loading) 
Thermal analysis 

- Single layer plate, one dimension 
. Unrestrained 

        . Fully restrained 
- Laminated plate, one dimension 

. Free thermal strains 
       . Residual strains 
       . Residual stresses 



- Orthotropic laminate plate, two dimensions  
. Layer free thermal strains in 1-2 material axis directions 

       . Layer free thermal strains x-y plate axis directions  
       . Layer “free thermal stresses” in x-y plate axis directions 
       . “Thermal forces and moments” 
       . Laminate common strains 
       . Layer residual stresses 
Hygroscopic analysis 

- Moisture diffusion 

Lamina Strength analysis 
Isotropic Materials 

- Common failure criteria for isotropic materials 
. Maximum principal stress 

        . Maximum principal strain 
        . Maximum shear 
        . Maximum shear strain energy 

- Orthotropic materials  
- Common failure criteria for orthotropic materials 

. Maximum stress failure criteria 
        . Maximum strain failure criteria  
        . Maximum “distortional energy” failure criteria 

- Failure envelopes 
 



Laminate Strength Analysis 
Laminate failure definition 
Laminate failure analysis procedure 
Other modes of failure 



Lamina Stress-Strain Analysis 

(Mechanical Loading) 

 
Based on: 

- 3D stress-strain system 
- Material axes 1,2,3 
- Macroscopic Scale 



9 stress-strain components are defined in the 3D system: 
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τττττσσσ  

Relationships are defined between stress and strain assuming: 
- Average macroscopic homogeneous linear elastic properties 
- Expressed in contracted notation as: 

{ } [ ]{ }εσ C=  Constitutive relation   [ ] !matrixStiffnessC =  

{ } [ ]{ }σε S=  Compliance relation    [ ] !matrixComplianceS =  

“Constitutive” stress-strain relations 
- Fully anisotropic 
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                independent material constants 

, τ31 



- Independent of the order of loading (reciprocal behaviour) 
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- 3 mutually perpendicular planes of symmetry (orthotropic  
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- Plane stress 
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- “Reduced stiffness matrix” 
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“Compliance” strain-stress relations 
- Anisotropic 
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- Reciprocal 
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- Orthotropic 
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- Plane stress, Orthotropic 
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{ } [ ]{ }σε S=  

In terms of Engineering Elastic Constants 
- For Orthotropic material under a 2D plane stress system 



- Consider Stress components separately: 
Strains: 
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i.e.: compliance relationship: 
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 Stress: 
Constitutive relationship: 
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*Note: 4imc: 122121 GvEE  

*Note 1221 vv ≠  But reciprocal relation 121212 EvEv =⇒  
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 - For isotropic material: 
EEE == 21  

vvv == 1221      Range of isotropic poisson ratio: 
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Summary of Elastic Constant Interrelations 
For plane stress / orthotropic material 

- Engineering = Compliance = Stiffness 
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- Stiffness   = Engineering     = Compliance 
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- Compliance = Engineering   Stiffness 
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Transformation to general x-y axes 
“Generally orthotropic” 
 
Generally orthotropic constitutive relation 

- Starting with: 
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Where [ ]Q = Reduced stiffness matrix in 1-2 material axes 

- Transform by trigonometric transformation to produce general 
structural axis relations at angle θ  

i.e.: 



































=
















xy

y

x

xy

y

x

QQQ

QQQ

QQQ

γ

ε
ε

τ

σ
σ

662616

262212

161211

 

where [ ]Q  is the “Transformed reduced stiffness matrix” 



 
- In general x-y plate axes 

Calculated from [ ] [ ] [ ][ ] TTQTQ −−= 1  

where [ ]T = 
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   And θθ sincos == nm  

i.e. simply geometric transformation 
 Generally orthotropic compliance relation 

- Starting with 
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where [ ]S = Reduced compliance matrix in 1-2 material axes 

- Transform by trigonometric transformation to produce general 
structural axis relations at angle θ  

i.e.: 

imcxy

y

x

xy

y

x

S

SS

SS

466

2212

1211

00

0

0



































=
















τ

σ
σ

γ

ε
ε

 

where [ ]S  is the “Transformed reduced compliance  

matrix” 
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- In full: 
Transformed stiffness constants: 
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Transformed compliance constants: 
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where θθ sincos == nm  



Transformed engineering constants 
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yx mm , : “shear coupling coefficients”; i.e. similar to poisson 

ratio deformation 
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Laminate Stress-Strain Analysis 

Mechanical Loading 
 

Classical Lamination Theory 
- Based on the constitutive relations for a lamina (as outlined 

above), i.e., linear elastic, generally orthotropic homogeneous 
material, assuming small deformation theory, i.e. plane sections 
remain plane 

1. Plate under extensional and flexural loading: 



where: 

xyyx NNN ,, = “loading intensities” i.e., forces per unit width of laminate 

xyyx MMM ,, = “moment intensities” i.e., moments per unit width of laminate 

*Note: xM is defined as: “the moment which causes direct stresses in the x  
direction etc.” 

 
2. Resulting deformation 

Laminate mid plate strains Laminate mid plate curvatures 
Here, defined as: 
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Total layer strains: 
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1.2  Strain and Displacement   
 
  Assumption:   
    1) Plies are bonded perfectly.   
    2) Bonding thickness is neglected.   
    3) Ply thickness is very thin, so it can be considered as plane stress.    
    4) Laminate thicknesswise strain distribution is linear. 
 
 In order to satisfy the assumption above, after deformation z-directional shear 

stress and normal stress must be neglected.   

x, y, z axis strains :  
x, y, z axis displacements:  wvu ,,

zyx ,, εεε

Fig. 2 x-z plane geometrical configuration   

Before deformation 

After deformation 

Reference! 



•  As shown in Fig. 2 when point P moves to P’ due to deformation, x directional  
 displacement between C and C’ is defined as       , and let distance between mid plane 
 axis x and P be zp . Then x directional displacement of P is; 

0u

                                 (4.5) 

If      is  very small angle,   
  
α αα ≈sin

                                   (4.6) 

x
w
∂
∂

= 0α

• x directional displacement of z axis arbitrary point is;   

                                   (4.7) 
• Similarly y directional displacement is;   



                                 (4.8) 

assume                                   (plane strain) 0,0,0 === yzxzz γγε

                               (4.9) 

         (Elastic strains in x - y plane) 
 
  - Substitute (4.7), (4.8) for (4.9), 
 
            becomes, xε

w0 
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0=
∂
∂

=
∂
∂

y
z

x
z

 (x, y are independent from z) 

                  (4.11) 



x
v

y
u

y
v

x
u

∂
∂

+
∂
∂

∂
∂

∂
∂ 0000 ,, : strains at mid plane →express by   000 ,, xyyx γεε

                           (4.12) 

                          (4.13) 



                            (4.14) 

  

Where         : x-directional curvature of neutral plane 
                                    : y-directional curvature of neutral plane 
                                    : torsional curvature of neutral plane     
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i.e.: 
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Membrane 
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Bending 
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3. Force and Moment resultants 
For equilibrium, applied forces and moments must be balanced by 
internal stresses 
 
Equilibrium of forces: 
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4. Layer stresses 
From the previous lamina analysis the x-y stress in layer k is given 
by: 
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                                ④ 

where [ ]Q  is the reduced transformed stiffness matrix in the x-y 

axes 

Substitute ① in ④ gives: 
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Equilibrium of Moments: 

∑ ∫∫
∫
∫
∫

+

















=
















=




























=

=

=
+

−

+

−

+

−

+

−

12

2

2

2

2

2

2

2

k

k

z

z

kxy

y

x
t

t

xy

y

x

xy

y

x

t

t xyz

t

t yy

t

t xx

zdzdz

M

M

M

dzzM

dzzM

dzzM

τ
σ
σ

τ
σ
σ

τ

σ

σ
/

/
/

/

/

/

/

/

   ③  

where summation ∑ applies from layer k=1 to n 
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5. Force and Moment results  
Equilibrium of force : 

Substitute ⑤into ②  
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               [A]                      [B] 
Equilibrium of moments : 

Substitute ⑤into ③ 
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               [B]                       [D] 



6. Laminate Constitutive Relation  
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i.e. :  
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“ Laminate stiffnesses”  
where :  
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*Note :  
Symmetric laminates: [B] = 0  →  No extension-bending coupling  

Extensional orthotropy: 01616 == AA     →  No direct-shear coupling  

Flexural orthotropy :  02616 ==DD       → No bend-twist coupling  

Special orthotropy : →  Extensional orthotropy + Flexural orthotorpy  

7. Laminate Compliance Relation  
Solving for laminate strains  
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Inverted stiffness matrix, i.e “Compliance matrix” 
 
a) For symmetric laminates [B]=0 

A and D matrixes can be inverted independently using standard 
matrix inversions :  

[ ] [ ] [ ]aAA == −11  

[ ] [ ] [ ]dD == −11 D  

0AA 2616 ==



Then :  
[ ]Na=ε  
[ ]Ndk =  

i.e. :  
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0ε     wrt x, y  

 b) For unaymmetric laminate [B]=0  
i.e. with extension-bending coupling  

. Coupled inverted matrixes 1111 ,,, DCBA must be derived  
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k 11

11ε     wrt x, y  

where  
[ ] [ ] [ ][ ][ ]**** 11 CDBAA −−=  
 
[ ] [ ][ ]11 ** −= DBB  
 
[ ] [ ][ ]** 11 CDC −−=  
 
[ ] [ ]11 *−= DD  

For asymmetric laminate [ ] 0B ≠



[ ] [ ]11 *−= DD  
and  
[ ] [ ]1* −= AA  
 
[ ] [ ][ ]BAB 1* −−=  
 
[ ] [ ][ ]1* −= ABC  
 
[ ] [ ] [ ][ ][ ]BABDD 1* −−=  
 
Giving :  
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11ε     wrt x, y  Usually 11 BC =  

 



Standard matrix inversions:  
Conversion of a full 3x3 matrix ijR into its inverse ijr  
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where,  

RRRRRr /)( 23
2

332211 −=  

RRRRRr /)( 13
2

331122 −=  

RRRRRr /)( 12
2

221133 −=  

RRRRRRr /)( 3312231312 −=  

RRRRRRr /)( 1322
2

231213 −=  

RRRRRRr /)( 2311131223 −=  
and  

23
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2

3313
2

22132312332211 2 RRRRRRRRRRRRRR −−−+=  
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Conversion of a reduced 3x3 matrix ijR into its inverse ijr  

















33

2212

1211

00
0
0

R
RR
RR

→
















33

2212

1211

00
0
0

r
rr
rr

 

Where  
RRRr /2211 =  
RRRr /1122 =  

RRr /133 =  
RRRr /1212 −=  

and  
12

2
2211 RRRRR +=  

 



 
8. Equivalent Engineering Elastic Constants  
For symmetric laminates, [B]=0  
 
Using to work in familiar E, G, ν terms in initial laminate design  
a) Membrane equivalent elastic constants  
Derived by considering average laminate stresses: 

tNtNtN xyxyyyxx /,/,/ === τσσ  

)/(1 11taEx =  

)/(1 22taEy =  

)/(1 66taGxy =  

1112 / aavxy −=  

2212 / aavyx −=  

1113 / aamx −=  

2223 / aamy −=  

 



b) Bending equivalent elastic constants  
Derived by considering general theory of bending: M/κ=EI  
Where 123 /tI =  for laminate thickness t and unit width  

)/(12 11
3dtEx =  

)/(12 22
3dtEy =  

)/(12 66
3dtGxy =  

1112 / ddvxy −=  

2212 / ddvyx −=  

1113 / ddmx −=  

2223 / ddmy −=  

where ija  and ijd  are compliance parameters from the inverse 

laminate stiffness matrixes, [ ] 1−A and [ ] 1−D  and t=laminate thickness  

𝜅𝜅 = 𝑑𝑑𝑑𝑑 =
𝑑𝑑
𝐸𝐸𝐸𝐸

 

𝐸𝐸 = 1
𝑑𝑑𝑑𝑑

= 12
𝑑𝑑𝑡𝑡3

 



9. Layer Stresses and Strains  
Once the laminate stiffness and inverse stiffness (compliance) 
matrixes have been found the layer strains and stresses can be 
calculated in x-y co-ordinates for  
use with chosen failure criteria.  
a. Calculate mid plane deformations  
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All b terms go to zero for symmetric laminates  
b. Calculate layer total strains. e.g. for layer k:  

thicknesslayerofmiddleatvalueforzzz

thicknesslayeroftopatvalueforzz
thicknesslayerofbtmatvalueforzzWherexykxy
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c. Transform to 1-2 material axes  
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d. Calculate layer total 1-2 stresses  
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Laminate Stress-Strain Analysis  
Hygrothermal Loading 

- Hygrothermal → Thermal and hygroscopic effects, i.e. 
temperature and moisture  
Thermal Analysis  
Assuming:  

- Linear elastic response at elevated temperature  
i.e. “Thermo-elastic” analysis  

- Constant thermal expansion coefficients, α  
- Constant temperature distribution through thickness, T∆  

 

Single layer plate, one dimension  
- Expansion coefficient α  
- Temperature change T∆ assumed constant through thickness  

Unrestrained  

- Thermal strain TT εαε =∆=       “Free thermal strain”  

- Thermal stress 0=σ                i.e. unrestrained 
Fully restrained  

- Thermal strain RT εαε =∆=  “Residual strain”  
- Thermal stress RRE σεσ ==  “Residual stress”  

 



Laminated plate, one dimension  

- Layer 1, expansion coefficient 1α  

- Layer 2, expansion coefficient 2α  

- Temperature charge ∆T assumed constant for all layers  

Free thermal strains   : Layer 1 : 11 αε =T ∆T 

      Layer 2 : 22 αε =T ∆T 

Residual strains       : Layer 1 : TR
11 εεε −= ∆T 

Layer 2 : TR
22 εεε −= ∆T 

where ε =Laminate “common strain”  

Residual stresses      Layer 1 : RR E 11 εσ =  

     Layer 2 : RR E 22 εσ =  

i.e.: Layer residual strain = laminate common strain 
less layer free thermal strain  

T
K

R
k εεε −=  and   R

K
R

k Eεσ =  

 

change 



Orthotropic laminated plate, two dimensions  
   Layer expansion coefficients                  in 1-2 material directions, temperature charge ∆T assumed         
   constant for all layers  

1221 α,α,α
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1. Layer free thermal strains in 1-2 material axis directions :  

2. Layer free thermal strains in x-y plate axis directions :  

3. Layer “free thermal stresses” in x-y plate axis directions :  

4. “Thermal forces and moments”    
 

  
where summation  applies from layer k=1 to n  

xy xy 



 

5. Laminate common strains 
- obtained by laminate analysis based on free thermal forces and 

moments  
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     Where, kzz = for value at btm of layer thickness  

1+= kzz for value at top of layer thickness 

2
1++

= zk zzz for value at middle of layer thickness  

6. Layer residual strains  
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Lyer      Layer     Layer 
residual   common   free thermal  
strains    strains     strains 

7. Layer residual stresses 

[ ]
K

xy
R

y
R

x
R

K

K
xy

R

Y
R

x
R

Q
















=
















γ

ε

ε

τ

σε

σ  
 

 

Layer 

y
Rσ

k 



Hygroscopic analysis  
Similar to thermal analysis  
Using: 
. Moisture coefficients of expansion 21 , ββ  (analogous to 21 , αα )  
. Moisture content m                     (analogous to T∆ )  
. But note:  

- Moisture contents m  variation through laminate ( T∆ assumed 
constant)  → cannot take m  outside integrals  

Then calculate equivalent free hygroscopic loads and moments, etc. 
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As for thermal analysis, etc. 



Moisture diffusion 
Ficke’s law of diffusion;  
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∂
∂

dx

dc

dt

dD

t

M x  

where  
dx
dc = water concentration gradient  

xD =Diffusion coefficient in x direction  

For an infinitely large plate  

π
tD

hM

M xt 4
=

∞

 

where  

tM =Mass of water absorbed across until surface area in time t  

∞M =Mass of water absorbed at saturation  

 

unit 



Lamina Strength Analysis  
- First consider as Isotropic  Materials  

. Same strength all directions  
- 3 failure stresses or strains defined at yield or ultimate failure 

condition  
Failure     Failure       Mode 
Stress      Strain  

*\Tσ       T*ε         Tension  

*cσ        c*ε         Compression  

*τ          *γ          Shear  

 
*Note strength values are the same in all directions 

 
Common Failure Criteria for Isotropic Materials  

- Failure is governed by principal stresses or strains  

σ 1 = ( ) 22 4
2
1

2 xyyx
yx

MAX σσσ
σσ

σ +−+
+

=  

σ 2 = ( ) 22 4
2
1

2 xyyx
yx

MIN σσσ
σσ

σ +−+
+

=  

     
2

MINMAX
MAX

σσ
τ

+
=   

     ( ){ }yxxy σστθ −= − /2tan
2
1 1  

- 



Giving the following failure criteria: 
1. Maximum principal stress  

   Failure occurs when :   *TMAX σσ >  

                           *CMIN σσ >  
2. Maximum principal strain(Rankine)  

Failure occurs when :   *TMAX εε >  

                           *CMIN εε >  
3. Maximum shear ( Tresca )  

   Failure occurs when:     *ττ >MAX  

4. Maximum shear strain energy (von Mises)  

   Failure occurs when  *22
TMINMAXMINMAX σσσσσ >−+  



Orthotropic Materials  
- Failure is governed by different strength in different directions  

Failure   Failure     Mode  
Stress    Strain     “ Intra-lamina”  

T1*σ      T1*ε      Longitudinal tension  

                     “1-1/T” 
 

C1*σ       C1*ε     Longitudinal compression  

                     “1-1/C”  
 

T2*σ       T2*ε    Transverse tension  

                     “2-2/T”  
 

C2*σ       C2*ε    Transverse compression  

                     “2-2/C” 
 

12*τ         12*γ    In-place shear  

                      “1-2”  
 



Intra –lamina failure criteria for orthotropic materials  
- Failure is governed by directional material strengths rather than 

principal stresses or strains  
1. Maximum stress failure criteria 

   Failure occurs when: TT 11 *σσ >  

                         CC 11 *σσ >  
                         TT 22 *σσ >  
                          CC 22 *σσ >  
                          1212 *ττ >  
2. Maximum strain failure criteria  

 Failure occurs when: TT 11 *εε >  

 CC 11 *εε >  
  TT 22 *εε >  
   CC 22 *εε >  
  1212 *γγ >  

3. Maximum “distortional energy” failure criteria (Tsai-Hill) 
 Failure occurs when: 

( ) ( ) ( ) ( )( ) 1*/*/*/*/*/ 2211
2

1212
2

22
2

111 >+++ TTTTTTT σσσσττσσσσ  

i.e. failure index sum >1  
Also : Tsai-Wu , Hoffman  ,etc.  
 

Stress 

Strain 

distortion 

1T 



 

Failure envelopes in “2D stress or strain space”  
- Representing the combinations of stress that cause failure  

Max stress                   Non-interactive, linear  
Max strain                    Non-interactive, linear 
Max “distortional energy”     Interactive, quadratic  

Failure envelopes in 2D stress  

Failure envelopes in 2D strain  



Failure Envelopes  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
   
Hoop specimen multi-axial test  
  
  
  
  
  

-  To validate failure criteria 

- Locus of combination of bi-axial   
      stress   

directions21,instrengths:σ,σ
directions21,instressesapplied:σ,σ

*
2

*
1

21

Maximum normal stress theory 
Maximum shear theory 
Maximum normal strain theory 
Total strain energy theory 
Distortion energy theory  



Laminate strength analysis  
 
Laminate failure definition  
Progressive failure  

- Fist ply failure  
. Usually matrix dominated 

       i.e. 2-2 or 1-2 modes  
. Non-catastrophic 
. Equivalent to yield failure condition 

- Last ply failure  
. Fibre dominated  
i.e. 1-1 mode  

e.g. Cross-ply Laminate  
FPF: transverse ply failure  
LPF: load direction ply failure  
At final failure: multiple transverse cracking, exponential load  
transfer  

 

First 



Inter-lamina modes of failure  
- “Inter-lamina” failure, i.e. delamination is associated with  

. Through thickness stresses at laminate edges  

. Impact damage  

. Hole and notch stress concentrations  
- Delamination is not accounted for in classical laminate analysis  

and is usually covered by reduced allowables and more 
detailed analysis  

Laminate failure analysis procedure  
Laminate analysis  
↓ 
Stresses and strains in each layer in 1-2 material axes  
↓ 
Check failure criteria for each mode of each layer  
↓ 
Assume failure for ply with lowest RF at RF x applied loads  
If layer has failed in matrix dominated mode, i.e. 2-2 or 1-2  
Then degrade (reduce) the layer properties and repeat 
analysis  
↓ 
If layer has failed in fibre dominated mode, i.e. 1-1  
Then assume final failure and stop analysis  



Empirical Laminate Analysis 
 

Approximate methods of laminate analysis are needed to 
compliment full computer laminate analysis for initial design and 
checks.  
 
The following empirical laminate analysis methods are considered:  









plotsCarpet 
  Rule 10%

    Rule (0%) Netting
 Rules of mixtures  

Each is considered in turn below  

Laminate 0% Rule of Mixtures  
(“Netting Rule”) 
Application:  

- To provide a preliminary initial sizing of QI laminates for 
strength and stiffness  

Assumptions:  
- Loads are carried only in the fibre directions  
- No contribution from off-axis layers  



Data :  
- Longitudinal strength and stiffness of basic layer  

Limitations :  
- Fibre failure criteria only  
- Extensional “membrane” loading only  
- Applicable to fibre dominated layups only  
- Not applicable for prediction of matrix dominated properties  

Method:  
- The fibre direction properties are factored by a scaling factor 

and their thickness ratio which provides an estimate of the 
layer contribution according to the orientation and loading 
system. For the netting analysis method the scaling 
contribution factor is zero for off-axis plies  

 



0%(Netting) Rule for laminate stiffness or strengths  
 
Loading   Stiffness   %ply contribution factor   Apply to  
           Strength   0°    ±45        90°   
                                                          
           xE         1.0     0          0        1E  

           yE          0      0         1.0       1E  

           xyG         No prediction of off-axis stiffness  

Uni-axial   xσ         1.0     0          0        *1σ  
longitudinal  

Uni-axial   yσ          0      0          1.0      *1σ  

Transverse  

Bi-axial     xyτ          0     1.0         0        *1σ  

Equal/opposite sign 
i.e. pure shear                                                
                       ×  RoM  ply  thickness fraction  

                       
t

t 0       
t

t 45      
t

t 90   

Note 45t = 2/45±
t  



Example Application 
 
Laminate initial sizing using netting analysis  
Given plate loading xyyx NNN ,,  and sizing for strength:  

- Consider xyyx NNN ,,  loading separately 

- Select layer orientations aligned with loading  
- Initially account for thickness of aligned layers only  

1. For direct loading intensity xN  

Design for 
*

*
1

0
0

1 σ
σσ xx

x
Nt

t
t

t
N

≥→≤= 

  for 0tt = initially  

           i.e. required thickness of 0 layers  

2. For direct loading intensity yN  

Design for 
*

*
1

90
90

1 σ
σσ yy

y

N
t

t
t

t
N

≥→≤= 

 for 90tt = initially  

           i.e. required thickness of 90 layers  



3. For shear loading intensity xyN  

Design for 
*

*
1

45
45

1 σ
σσ xyxy

xy

N
t

t
t

t
N

≥→≤= 

 for 90tt = initially  

          i.e. required thickness of 45 layers  

        *Note 2/4545  ±
= tt  

4. Number of required layers at each angle θ of ply thickness 

 pt  can then be calculated: i.e.   
pt

t
n θ
θ =  

Laminate 10% Rule of Mixtures  
- Proposed by Hart-Smith 

Application:  
- To provide estimation  of  strengths and stiffness for QI 

laminates  
Assumptions :  

- Generally, off-axis layers contribute 10% of their strength and 
stiffness in the direction of loading.  

Data :  
- Longitudinal tension and compression strength and stiffness  

45tt =

45° 



Limitations :  
- 0,90,±45° fibre dominated layups only  
- Extensional (membrane) loading only 
- final ply failure (fibre failure ) significant errors for matrix 

dominated properties.  
Method: 

- The fibre direction properties are factored by their thickness 
ratio and a scaling factor which  provides an estimate of the 
layer contribution according to the orientation and loading 
system  



10% Rule for laminate stiffness  
 
Loading    Stiffness     % ply contribution factor  Apply to  
                         0°         ±45°     90° 
                                                             
            xE          1.0         0.1      0.1     1E  
            YE          0.1         0.1      1.0     1E  

            xyG          0.1         0.55     0.1     
*)1(2

1

v
E
+

 

                                                   
                        x RoM ply thickness fraction  

                        
t

to        
t

t 45±      
t

t 90  

…………………………………………………………………………………………… 

                          xyv  for QI  laminates 

















±

+

=





45%
90%41

1  

            i.e. with plies in all 0°,±45°, 90° directions    

where *v is the poisson ratio of the “complimentary layup” for doubly symmetric 
laminates, e.g.:  

for ±45°                   *v      = 45±
v             =0.05 

for 0°,90°                  *v      =  90,0v            =0.8 
for 0°, ±45°,90°            *v      =  90,45,0 ±

v           =0.33 



10% Rule for laminates strengths 17  
 
*Note, here layer contribution factor also depends on loading system  
 
Loading    Strength     % ply contribution factor   Apply to  
                         0°         ±45°     90° 
                                                             
Uniaxial     x*σ        1.0        0.1     0.1      *1σ  

             yσ         0.1        0.1     1.0      *1σ  

Bi-axial        x*σ        1.0        0.55    0.1      *1σ  
Same sign    

             y*σ        0.1        0.55    1.0      *1σ  

Bi-axial  

Opposite sign  xy*τ         0.1       0.55     0.1      2/*1σ  

i.e. Shear  
                                                    
                         x RoM ply thickness fraction 

                         
t

t 0       
t

t 45±     
t

t 90  

𝜎𝜎∗y 



Examples:  
For QI laminate strength under uni-axial loading in x direction :  

E
t

t

t

t

t

t
E x ×








×+×+×= ±  90450 101001 ...  

*
1

90450* )1.01.00.1( σσ ××+×+×= °°±°

t
t

t
t

t
t

x  

etc. 

Laminate Carpet Plots 
                                                                                           
Application :  

- To provide preliminary design allowables for QI laminate 
families 

- To select suitable laminates to satisfy design property 
requirements 

Assumptions :  
- Based on specific material system and specimen result specific 

failure criteria and associated to the strength curves  
Data :  

- Static mechanical tension, compression and shear test results 
for plain or notched or impacted specimens under room 
temperature/dry, hot/wet, or cold/dry conditions  

Limitations : 
- Limited extrapolation of data for other material system  

1 



Longitudinal Modulus of QI 

Shear Modulus of QI 

Tensile strength of QI 

Compression strength of QI 

Shear strength of QI 



3.  Strength Analysis of Laminate   

  - Laminate failure behavior is different from metal plate. 
  - Even though a ply is failed, the laminate is not failure because other plies  
    can endure the load by much higher stress.  
  - The inter-laminar separation should be analyzed by 3-D stress analysis.  
    Therefore this lecture does not treat this topic. 
   
   Strength analysis of laminate will be discussed by the following calculation 
       example.  
  
  



Appendix [Calculation Example of CLT] 
 

Exercise 1 : Perform strength analysis of the following Quasi-isotropic laminate with lay-up 
sequence (0°/45°/-45°/90°)s. The laminate is considered as quasi-isotropic manufactured by 
laying-up with unidirectional carbon-epoxy prepreg ply. 
Where axial load strength of NX =100N/mm  is applied. 
, and use the following mechanical properties.. 
       ; E1=140GPa, E2=10GPa, G12=5GPa, v12=0.3, ply thickness; tp=0.125mm,  
         Xt=1500MPa, Xc=1200MPa, Yt=50MPa, Yc=250MPa, S=70MPa. 

tp=0.125mm 

x 

y 

z 

x 

x, y : laminated coordinate 
1, 2 : material coordinate 



<Solution> 
1st Step : Perform stress analysis by ply-by-ply of laminate. 
 - The Poisson ratio calculation uses the relationship of 
   (∵ Reduced compliance must be symmetric)  
 - Reduced stiffness is calculated as  follows;  

221112 E/E/ ν=ν
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 ∵ Reduced stiffness matrix has the following relationship. 

𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑓𝑓1=𝜎𝜎1, 𝑓𝑓2=𝜎𝜎2, 𝑓𝑓3=𝑓𝑓12=𝜏𝜏12 
        𝑤𝑤1=𝜀𝜀1, 𝑤𝑤2=𝜀𝜀2, 𝑤𝑤3=𝑤𝑤12 = 𝛾𝛾12   







































=









3

2

1

33

2221

1211

3

2

1

e
e
e

Q00
0QQ
0QQ

f
f
f



To obtain     it should be transformed by ply angle.  
If                   and                 , 
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m=θcos n=θsin

- The transformed reduced stiffness matrix with ply angle 0° can be obtained by using  
     the above transformation matrix; 

10cos == m 14 =m12 =m

00sin == n 02 =n 12 =n
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- Similarly, the transformed reduced stiffness matrix with ply angle           
- can be obtained by using the above transformation matrix; 
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- Similarly, the transformed reduced stiffness matrix with ply angle -45°and 
     90° can be obtained; 



0.4375 0.125 0 0 3.0 5.0 10.1 140.9 0 8 

- 0.3125 0.125 32.7 32.7 34.3 36.3 44.3 44.3 45 7 

0.1875 0.125 - 32.7 - 32.7 34.3 36.3 44.3 44.3 - 45 6 

+0.0625 0.125 0 0 3.0 5.0 140.9 10.1 90 5 

- 0.0625 0.125 0 0 3.0 5.0 140.9 10.1 90 4 

- 0.1875 0.125 - 32.7 - 32.7 34.6 363. 44.3 44.3 - 45 3 

- 0.3125 0.125 32.7 32.7 34.6 36.3 44.3 44.3 45 2 

- 0.4375 0.125 0 0 3.0 5.0 10.1 140.9 0 1 

tp Ply 

0.4375 0.125 0 0 3.0 5.0 10.1 140.9 0 8 

0.3125 0.125 32.7 32.7 34.3 36.3 44.3 44.3 45 7 

0.1875 0.125 - 32.7 - 32.7 34.3 36.3 44.3 44.3 - 45 6 

+0.0625 0.125 0 0 3.0 5.0 140.9 10.1 90 5 

- 0.0625 0.125 0 0 3.0 5.0 140.9 10.1 90 4 

- 0.1875 0.125 - 32.7 - 32.7 34.3 363. 44.3 44.3 - 45 3 

- 0.3125 0.125 32.7 32.7 34.3 36.3 44.3 44.3 45 2 

- 0.4375 0.125 0 0 3.0 5.0 10.1 140.9 0 1 

tp Ply 11Qθ 22Q 33Q 12Q 13Q 23Q pZ

- To obtain the extensional stiffness matrix     of symmetric quasi-isotropic laminate, 
     the transformed reduced stiffness matrix of  each layer are arranged by the  
     following table form;    

0;,,, 231312332211 == AAAAAA

[ ]A


































=
































=
















































=
































=∴

=

=

=

=

=+++××=
=

×+×+×+×=

=

−

=
∑

0
0

N

a00
0aa
0aa

0
0

N

A00
0AA
0AA

e
e
e

or

e
e
e

A00
0AA
0AA

0
0

N

KN/mm
20.700

059.918.7
018.759.9

A

0A
0A
18.7KN/mmA
20.7KN/mmA

59.9KN/mm}(140.9)(44.3)(44.3){(10.1)0.1252A
59.9KN/mm

}10.1)(0.12544.3)(0.12544.3)(0.125140.9)2{(0.125A

)Q(tA

x

33

2212

1211x
1

33

2212

1211

xy

y

x

xy

y

x

33

2212

1211x

23

13

12

33

ply4ply3ply2ply122

ply4ply3ply2ply111

N

1p
pijpij













𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑓𝑓𝑥𝑥=𝜎𝜎𝑥𝑥, 𝑓𝑓𝑦𝑦=𝜎𝜎𝑦𝑦, 𝑓𝑓𝑥𝑥𝑦𝑦=𝜏𝜏𝑥𝑥𝑦𝑦 
        𝑤𝑤𝑥𝑥=𝜀𝜀𝑥𝑥 , 𝑤𝑤𝑦𝑦=𝜀𝜀𝑦𝑦 , 𝑤𝑤𝑥𝑥𝑦𝑦=𝛾𝛾𝑥𝑥𝑦𝑦   



mmKNa

AAA
Aa

Aa

AAA
Aa

AAA
Aa

/
1

0483.000
00185.00058.0
00058.00185.0

0058.0)(

0483.07.20
11

0185.0)(

0185.03.3238
9.59

)(

2
122211

12
12

33
33

2
122211

11
22

2
122211

22
11
















−

−
=

−=
−

−=

===

=
−

=

==
−

=

If 

6

3

101850

0
0

100
10

0483.000
00185.00058.0
00058.00185.0

0,/100

−

−

×=∴















 =
×
















−

−
=

















===

o
x

x

xy

y

x

xyyx

e

N

e
e
e

NNmmNN







0

10580 6

=

×−= −





xy

y

e

e



-To get each ply stress as to material axis (1: fiber direction-2: fiber perpendicular direction),  
  obtained strains as to laminate axis (x-y) are transformed to material axis.    
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->The material axis strains of ply 1 and 8 is calculated as; 
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->The material axis strains of ply 2 and 7 is calculated as; 
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- The relationship between ply strain and stress is; 
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->The material axis strains of ply 3 and 6 is calculated as; 

->The material axis strains of ply 4 and 5 is calculated as; 
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-> Therefore stresses of ply 1 and 8 can be calculated as follows;  
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->  Stresses of ply 2 and 7 can be calculated as follows;  
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- Each ply stresses as to laminate axis (x-y) can be obtained by coordinate  
     transforming the obtained each ply stress as to material axis (1-2).  
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->  Stresses of ply 3 and 6 can be calculated as follows;  

->  Stresses of ply 1 and 8 can be calculated as follows;  
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->  Stresses of ply 1 and 8 can be calculated as follows;  

->  Stresses of ply 2 and 7 can be calculated as follows;  

->  Stresses of ply 3 and 6 can be calculated as follows;  

->  Stresses of ply 4 and 5 can be calculated as follows;  



•  2nd Step: Strength Analysis of Laminate  
    At the 1st Step, calculated each ply stresses as to 1-2 axis  are as follows;  

* F.I: Failure Index = 1/RF 
   MOF: Mode of Failure 

- Ply plane failure modes are as follows;  
              · Longitudinal Tension Mode (LT) : Fiber direction 
              ·  Longitudinal Compression Mode(LC) : Fiber direction   
              · Transverse Tension Mode (TT) : Matrix direction 
              ·  Transverse Compression Mode (TC) : Matrix direction                 
              ·  Plane Shear Mode (S) : 

ply       F.l.1 F.l.2 F.l.12 MOF (mode of failure) 

1 0 259 -0.3 0 0.17 0.01 0 LT 

2 45 91 8 -12 0.06 0.16 0.17 S 

3 -45 91 8 12 0.06 0.16 0.17 S 

4 90 -76 17 0 0.06 0.34 0 TT 

5 90 -76 17 0 0.06 0.34 0 TT 

6 -45 91 8 12 0.06 0.16 0.17 S 

7 45 91 8 -12 0.06 0.16 0.17 S 

8 0 259 -0.3 0 0.17 0.01 0 LT 

θ 1f 2f 3f



  Failure Criteria and Failure Index (F.I.) 
  (1) Maximum Stress Theory 
         - As to tensile stress :   
 
 
          - As to compressive stress:   
 
 
          - As to shear stress :  
                
          Failure Index(F.I.): 
  
  - If F.I.1>1   ; Fiber failure   
  - If F.I.2>1   ; Matrix failure   
  - if  F.I.12>1   ; Shear failure   
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(2) Maximum Strain Theory  
  
 
        - As to tensile strain:                       or  
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        - As to compressive strain :                        or   
 
 
 
 
         - As to shear strain :                        or  
 
 
      Or Failure Index (F.I);, 
  - If  F.I.1>1  : fiber directional failure  
  - If  F.I.2>1 ; Matrix direction failure   
  - If  F.I.12>1 ; Shear direction failure   
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(3) Tsai-Hill Theory 
    If Ply stresses satisfy the following criteria, the ply is not failed.  
 
 
 
  where           (or     ),           (or    ) ( this is determined by plus and minus sign 
   of f1 and f2 ). Absolute values of       ,      are used. 
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(4) Tsai-Wu Theory 
  If Ply stresses satisfy the following criteria, the ply is not failed.  
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• Where        is decided by 2-axis experimental test.  
• If  value of        is not available, let it  be  -1/2 
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- Load Index (L.I.) 
  The load required to produce the first ply failure (FPF) can be obtained from F. I.,  
 
           · In case of Max Stress Theory, 
        
                   Load Index =  
           
           · Incase of Max Strain Theory,  
        
                     Load Index =  
 
- In this Exercise Max Stress theory is used, the axial load intensity  of  
                                is applied. 
-    F. I.s of ply 1 and 8 (0°) are obtained,   
                F.I.1=259/1500=0.17 
 F.I.2=|-0.3/250|=0.01 
 F.I.12=0 
- F. I.s of ply 2 and 7(45°) are obtained,   
                F.I.1=91/1500=0.06 
 F.I.2=8/50=0.16 
 F.I.12=|-12/70|=0.17 

..
1
IF

..
1

IF

mmNN x /100=



  - F. I.s of ply 3 and 6 (- 45°) are obtained,   
     F.I.1=91/1500=0.06  
   F.I.2=8/50=0.16  
   F.I.12=12/70=0.17 

  - F. I.s of ply 4 and 5 (90°) are obtained,   
  F.I.1=|-76/1200|=0.06  
 F.I.2=17/50=0.34 
 F.I.12=0 
  -  According to calculation results, max F. I. occurs at 90° ply.  
     i. e.     F.I.2=0.34 is TT failure mode . 

• The load required to produce the first ply failure (FPF) using Max Stress Theory  
     can be obtained, and the FPF occurs at 90° plies (4 and 5) in TT mode!  

mmNN x /29434.0/100 ==  FPF Load 



ply

1 0 140.9 10.1 5 3 0 0

2 45 44.3 44.3 36.3 34.3 327 32.7

3 -45 44.3 44.3 36.3 34.3 -32.7 -32.7

4 90 0 0 0 0 0 0

5 90 0 0 0 0 0 0

6 -45 44.3 44.3 44.3 34.3 -32.7 -32.7

7 45 44.3 44.3 44.3 34.3 32.7 32.7

8 0 140.9 10.1 10.1 3 0 0

θ 11Q 33Q 12Q 13Q 23Q22Q

In the previous calculation, it was confirmed that The FPF occurs as TT mode at 90° plies 
(ply 4 and 5).  
After FPF at plies 4 and 5, the elastic material properties of the failed 90 ° such as  
E₁,E₂G12 are set as zero. Then the transformed reduced stiffness matrix of the  
degraded laminate are assumed using the 1st step calculation, and the extensional stiffness 
matrix can be obtained again.  

 2nd Ply Failure 
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-To get each ply stress as to material axis (1: fiber direction-2: fiber perpendicular direction),  
  obtained strains as to laminate axis (x-y) are transformed to material axis.    

->The material axis strains of ply 1 and 8 (0°) are calculated as; 

->The material axis strains of ply 2 and 7 (45°) are calculated as; 

->The material axis strains of ply 3 and 6 (- 45°) are calculated as; 



F.I.1=912/1500=0.61 
F.I.2=29/250=0.12 
F.I.12=0 
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->The material axis strains of ply 4 and 5 (90°) are calculated as; 

- Therefore stresses of ply 1 and 8 (0°) can be calculated as follows;  

-    F. I.s of ply 1 and 8 (0°) are obtained using Max Stress Theory 

- Stresses  and F.I. of ply 2 and 7 (45°)  can be calculated as follows;  



    F.I.1=131/1500=0.09 
    F.I.2=12/50=0.24 
    F.I.12=|-57/70|=0.81 
 
- Stresses  and F.I. of ply 3 and 6 (- 45°)  can be calculated as follows; -45°; 
 
 
 
 
    F.I.1=131/1500=0.09 
    F.I.2=12/50=0.24 
    F.I.12=57/70=0.81 
 
- Stresses  and F.I. of ply  4 and 5 (90°)  can be calculated as follows;   
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ply F.I.1 F.I.2 F.I.12 MOF

1 0 918 -29 0 0.61 0.12 0 LT

2 45 131 12 -57 0.09 0.24 0.81 S

3 -45 131 12 57 0.09 0.24 0.81 S

4 90 0 0 0 0 0 0

5 90 0 0 0 0 0 0

6 -45 131 12 57 0.09 0.24 0.81 S

7 45 131 12 -57 0.09 0.24 0.81 S

8 0 918 -29 0 0.61 0.12 0 LT

θ 1f 2f 12f

 -  According to calculation results, max F. I. occurs at ±45° ply (2,3,6,7) 
     i. e.     F.I. 12=0.81 is S failure mode.  
• The load required to produce the second ply failure using Max Stress Theory is  
      obtained can be obtained, and the SPF occurs at ±45° plies (2,3,6,7) in S mode!  
•  The failure load is;  
 
<Summary> 
    At                             ply 4 and 5(      ) are completely failed.  

mmNN x /36381.0/294 ==

,/294 mmNN x =
90



ply 0

1 0 140.9 10.1 5 3 0 0

2 45 0 0 0 0 0 0

3 -45 0 0 0 0 0 0

4 90 0 0 0 0 0 0

5 90 0 0 0 0 0 0

6 -45 0 0 0 0 0 0

7 45 0 0 0 0 0 0

8 0 140.9 10.1 5 3 0 0

θ 22Q 33Q 12Q 13Q 23Q11Q

Third-ply-failure 
    At                         , FPF occurs at 90° ply as TT mode , 
    At                          , SPF occurs at ±45° ply as S mode.  
 
However  2 plies ( 0°) still are not failed yet.  
Again,  similarly to the previous SPF calculation procedure, material properties such as  
                  of ±45° are assumed as ‘zero.  Therefore after SPF, the transformed  
Reduced stiffness matrix at failed plies (90°and ±45°) are assumed as zero.  

21 , EE 12G

mmN x /294=
mmN x /363=



)//(1
7692.000
04029.00092.0
00092.00286.0

/
3.100

05.28.0
08.02.35

0
0

/8.0
/3.1
/5.2

/2.35
})0125.0()0125.0()0125.0()9.140125.0{(2

)(

23

13

12

33

22

32111

1

mmKNa

mmKNA

A
A

mmKNA
mmKNA
mmKNA

mmKN
A

QtA

plyplyplyply

N

p
pijpij
















−

−
=∴
















=

=
=
=
=
=

=

×+×+×+×=

=∑
=



63 10
0

3340
10382

0
0

363
10

7692.000
04029.00092.0
00092.00286.0

−− ×















−=















 =
×















−

−
=















 x

xy

y

x N

e
e
e







►   At Ply 1 and 8 (0° ply) the ply strains are;   
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 ►   At Ply 1 and 8 (0° ply) the ply 0° stress are, 
 
 
 
 
 
   F. I. can be obtained using Max Stress Failure Criteria.  
        F.I.1=1453/1500=0.97 
        F.I.2=0.12/50=0.01 
        F.I.12=0 
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<Summary> 
  At                             ,   90° , ±45°  plies are completely failed, the ply stress and  
  F. I. are as follows;  

mmNN x /363=

ply F.I.1 F.I.2 F.I.12 MOF

1 0 1453 -3 0 0.97 0.01 0 LT

2 45 0 0 0 0 0 0

3 -45 0 0 0 0 0 0

4 90 0 0 0 0 0 0

5 90 0 0 0 0 0 0

6 -45 0 0 0 0 0 0

7 45 0 0 0 0 0 0

8 0 1453 -3 0 0.97 0.01 0 LT

θ 1f 2f 12f

From the above table, max F. I.=0.97 occurs at 1 and 8 ply (0°) as LT mod.  
Therefore the 3rd ply failure (TPF) load can be calculated as;                                       
 
At this load the laminate is finally failed.  → Last Ply Failure (LPF)! 

mmNN x /37497.0/363 ==



Therefore the laminate strength      is obtained using Max Stress Failure Criteria 
 when the ply is completely failed; 

xF

2/3740.1/374/ mmNtNF xx ===



Figure :Longitudinal tensile strength by complete ply failure mode and maximum  
stress theory at (0/45/-45/90)s 

   FPF:  
 
   SPF:  
 
   LPF:  

)x11x
3

xx Nae0.54%(102940.0185e294N/mm,N ==××== − 

%82.0103630225.0,/363 3 =××== −
xx emmnN

%07.1103740286.0,/374 3 =××== −
xx emmNN

Shear mode 2PF at ±45°  

FPF at 90° transverse 
tension(TT)mode 

LPF at , LT mode 

2/35 mmKNEx =

2/4.44 mmKNEx =

2/1.54 mmKNEx =

374 
363 
 
294 

2/ mmN
fx

%xe
0              0.54     0.82         1.07 

)1mmt
ta

1Ewhere(*
11

x == ,



Aij: to match unit with  
solution – multiplying by 103 

Dij: to match unit with  
solution – multiplying by 106 

Engineering Properties of 
Laminate (extensional) 



At 4th and  5th layer: TT mode- 
FPF 

 This failure load : 296 N/mm (FPF) 



the previous exercise. 

Homework #1 

Find the extensional stiffness        and flexural stiffness         , and membrane 
equivalent elastic constants and bending equivalent elastic constants : 

ijA ijD

yxyxxyxyyx m,m,ν,ν,G,E,E



 



The ply reduced stiffness matrix for this 
(Solution) 





* MOPL: Multioriented Ply Laminate 























Homework  #2 
 Consider the cross-ply laminate (0/90)s  subjected to a positive moment 
intensity Mx  = 10 Nmm/mm. Where  the plies are unidirectional high 
strength carbon/epoxy, of 0.125mm thickness, and have the following 
elastic properties as ; 
 
The ply reduced strengths for this  material are; 
 
 
 
The symmetric laminate configuration is shown in Fig. 5.14. 
Find the FPF mode and load. 

0.3ν,5kN/mmG10,E140,E 12
2

1221 ====

2
ctct 70N/mmS250,Y50,Y1200,X1500,X =====





































Aij: to match unit with  
solution – multiplying by 103 

Dij: to match unit with  solution – 
multiplying by 109   (kN-mm)  



 This failure moment is at top skin of the 4th ply. 
 The hand calculation result (5.88x10-5 MN-mm/mm) is at mid of the 4th ply (if 
calculating at the top skin; 5.88x10-5 x(0.1875/0.25)=4.42x10-5 



• Thermal Residual Stresses Calculation Example 
  



Homework #3 



Ref.: Constant temperature distribution and constant ply thickness  





(Solution) 















































• Hygroscopic Residual Stresses Calculation Example 

 



Constant moisture intake content distribution and constant thickness 
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