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UNDAMPED HARMONIC EXCITATION

mẍ + kx = F0 sin ω̄t

Where the imposed dynamic force F(t) is assumed as F0 sin ω̄t

x(t) = xc(t) + xp(t)

xc(t) = A cos ωt + B sin ωt
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The particular solution may be assumed as

xp(t) = X sin ω̄t

⇒ −mω̄2X + kX = F0

⇒ X =
F0

k −mω̄2
=

F0/k

1− r2

Where r = ω̄
ω is the frequency ratio and the total response becomes

x(t) = A cos ωt + B sin ωt +
F0/k

1− r2
sin ω̄t

If the initial conditions at t=0 are taken as zero (x0 =0, v0=0),

then, A = 0 and B = −r F0/k
1−r2 and

x(t) =
F0/k

1− r2
(sin ω̄t − r sin ωt)
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x(t) = F0/k
1−r2 (sin ω̄t − r sin ωt)

Observation

– The response is given by the superposition of two harmonic
terms of different frequencies.

– The resulting motion is harmonic.

– In practical cases, damping force will always be present in the
system.

– The last term with un-damped natural frequency ω will
become an expression of damped natural frequency ωd .

– This term leads to a zero contribution to the overall response
of the system after some time, depending up the damping
present in the structure.

– This terms with ωd , are known as the transient response.

– The terms with forcing frequency ω̄ terms are known as
steady-state response.
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DAMPED HARMONIC EXCITATION

Considering the damping
force in the system the equilibrium equation becomes

mẍ + cẋ + kx = F0 sin ω̄t

Similarly, the complementary solution is

xc(t) = e−ξωt(A cos ωd t + B sin ωd t)
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The particular solution may be obtained with help of the Euler‘s
equation

e iω̄t = cos ω̄t + i sin ω̄t

with the understanding that only the imaginary component of
F0e

iω̄t , i.e., the force component of the F0 sin ω̄t is acting and,
consequently, the response will then consist only of the imaginary
part of the total solution. Let, xp(t) = C e iω̄t

⇒ −mω̄2C + icω̄C + kC = F0

⇒ C = F0
k−mω̄2+icω̄

xp(t) =
F0 e iω̄t

k −mω̄2 + icω̄

By using polar coordinate form

⇒ xp(t) =
F0 e iω̄t√

(k −mω̄2)2 + (cω̄)2 e iθ
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⇒ xp(t) =
F0 e i(ω̄t−θ)√

(k −mω̄2)2 + (cω̄)2
, where tan θ =

cω̄

k −mω̄2

The response to the force F0 sin ω̄t (the imaginary component of
F0 e iω̄t) is then the imaginary component of the above equation,
i.e.,

⇒ xp(t) =
F0 sin(ω̄t − θ)√

(k −mω̄2)2 + (cω̄)2

or
⇒ xp(t) = X sin(ω̄t − θ)

where

X =
F0√

(k −mω̄2)2 + (cω̄)2

is the amplitude of the steady-state motion.
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If we consider the static deflection of the spring acted upon by the
force F0 is xst = F0/k

⇒ xp(t) =
xst sin(ω̄t − θ)√
(1− r2)2 + (2ξr)2

The total response of the system

x(t) = e−ξωt(A cos ωd t + B sin ωd t) +
xst sin(ω̄t − θ)√
(1− r2)2 + (2ξr)2

Where, ξ = c/cc is the damping ration and r = ω̄/ω is the
frequency ratio.
The terms with ωd , are known as the transient response. The
terms with forcing frequency ω̄ are known as steady-state
response.
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The ratio of the steady-state amplitude of xp(t) to the static
deflection xst defined above is known as the dynamic
magnification factor, D, and is given as

D =
X

xst
=

1√
(1− r2)2 + (2ξr)2
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Observation

– Dynamic magnification factor varies with frequency ratio r
and damping ratio ξ.

– It is inversely proportional to the damping ratio, i.e.,
D(r = 1) = 1

2ξ

– D, evaluated at resonance is close to its maximum value
(ω 6= ωd). However for moderate damping the difference is
negligible.
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