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Importance

— Two degree of freedom system is merely a special case of
multi degree of freedom system.

Two Degree of Freedom System

— It is an introduction to a more advanced study of discrete
systems with an arbitrary large number of degrees of freedom.

— The MDOF system shows as many natural frequencies and
associated natural mode shapes as the number of degrees of
freedom.

— Natural modes posses a very important property known as
orthogonality.

— A proper choice of coordinates, known as the principle or
natural coordinates, the system differential equations become
independent of each other.

— The motion of the system can be regarded as a superposition
of the natural coordinates.
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Fi(t)—crxa(t)—kpa(t)+ e (t)—x (t)]+k[x(t)—x1(t)] = mixi(t)

Fi(t)—cPea(t) =5 (t)]—kelxa(t) —x1(t)] - caxe(t) —ksxa(t) = mak(t)
after simplification

miXq(t) + (a1 + @)% (t) — caxa(t) + (ki + k2)x1(t) — koxa(t) = Fi(t)

myXa(t) — X1 (t) + (2 + c3)xa(t) — koxi(t) + (ko + k3)xa(t) = Fa(t)

These are coupled equation of motion for 2 degree of freedom system.
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In matrix form [m]{x} + [c]{x} + [k]{x} = {F(t)}, where

mp 0 } = [m] = mass matrix
L 0 moy

a+ta  —o } —[c] = damping matrix

—Co o+ C3

= stiffness matrix

-k1+k2 —ko
= [k
—ko k2+k3] [ ]

t)

) } = {x(t)} = displacement vector

—N—
3 X

(
(
Eg } = {F(t)} = force vector

—N
o1
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— The coupling terms in first equation are cxxo(t) & koXo(t) and
in 2nd equation are cyX1(t) & koxi(t)

— The matrices [m], [c] and [k] are symmetric in nature with
respect to the diagonal of the respective matrices.

— The equations are not independent equations. We need
special consideration (decoupling) to solve these.
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Let us consider the special type of solution when the coordinates
x1(t) and xp(t) increase or decrease in the same proportion as time
unfolds — a synchronous motion. So, the ratio x1(t)/x2(t) is
independent of time and the ratio between the two displacements
remains constant throughout the motion. Let,

x1(t) = u1f(t) and xo(t) = upf(t)

[ mq 0 :| { Ulf(t) }+|: k11 k12 :| { ulf(t) }:{
0 mp uo f(t) ko1 koo us f(t)
To posses a solution, we must have,

0
0
f(t
(t) = kuun + kiath = kizun + koot = A\ = a real constant
(1) myuy mpus
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Hence synchronous motion is possible only when,
(k11 — )\ml)ul + kioup =0
kiour + (koo — Amo)up =0

m 0 up | | kit ko u B
e R S I R P IR BT
The nontrivial solution of this problem is a eigenvalue problem
and by setting the determinant equal to zero we get.

At LImikop + mokyy 1\/(m1k22 + f772/<11)2 _ 4k11k22 — kE,
X2 mymy :':2 mymy mymy
(1)
This may be proved that \; = w? and \» = w3 represents the
frequencies of the structure when a possible solution of the
assumed displacement function f(t) is f(t) = C cos (wt — ¢).
Now, u; =7 and up =7
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Now, let,

Gn={ i} o= { 2 )

the first suffix denote the position of displacement and the
second suffix denote the corresponding frequency. The
quantities {u}; and {u}2 are known as the modal vectors
representing the shape of deflection of the system associated to
a natural frequency.

Since w; are found out from the non trivial solution of a set of
homogeneous equations, only the ratio up1/u11 and upy/u12 can be
determined uniquely, i.e.,

2

upp _ ku—wim ki

U1t k12 koo — wimy
2

Up __kn—wym ke

u12 k12 koo — w3 my
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Orthogonality of Modes and Natural Coordinates

=i} o= {02 )

1 1
{u}1=un { _ ki—wfm and {u}2 = u12 _ kin—wim
k12 k12

.
1 m 0 1
w7 [m]{u}l—uuuu{ eim } - ]{ eim }

klz k12

(Assignment)

The LHS quantity, {u}J [m]{u}1, becomes zero after substitution
of the values of w;. So, the modal vectors {u}; and {u}, shows
orthogonality with respect to the mass of the system.
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Now considering the matrix equation for free vibration of 2DOFS,

[k[{u} = w?[m]{u} we have [k]{u}1 = w?[m]{u}1 and

[k][{u}2 = w3[m]{u},. Premultiplying the first by {u}J we have
{u}] [K{u} = wi{u}g [m{u}r =0

So, the modal vectors {u}; and {u}, are also orthogonal with
respect to the stiffness of the system.
This is also worth noting that

{} K} = W {u} [m{u}; P=1,2
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This property of orthogonality is used to uncouple the
equations both elastically and inertially. Let us rewrite the
equation of motion for free vibration in matrix form,

[ml{x(2)} + [k]{x(t)} = 0
Let, {x(t)} = {u}191(t) + {u}292(t), eqn. of motion becomes
[ml({u}1Gu(t) + {u}22(2)) + [K]({u}1g1(t) + {u}2q2(2)) = 0

Now premultiplying the above equation by {u}] and {u}J
separately and using the relation of orthogonality for same mode,
we get

q1(t) + wigi(t) =0

G2(t) + wiga(t) = 0
Two independent equations in terms of q1(t), w1 or ga(t), w2
and the coordinates g;(t) are known as natural coordinates or
principle coordinates.
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Since g; represent independent equations and harmonic oscillation,
the solution of the equation are

qi(t) = G cos (w;j — ;)

So, the motion of the system at any time can be expressed
as a superposition of the natural modes of vibration
multiplied by the natural coordinates, i.e.,

{X(t)} = Cl{u}l COS(OJlt — gbl) + Cz{u}z COS(wzt — (;52)

In the matrix form

{ 28 }: C1{ Z; }1 cos (W1—¢1)+C2{ Z; }2 cos (wa—¢hs)
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# The schematic diagram of a engine connected to a propeller
through gears is shown in the figure. The mass moments of inertia
of the flywheel, engine, gear-1, gear-2 and the propeller (in kg-m?)
are 9000, 1000, 250, 150 and 2000, respectively. Find the natural
frequencies and mode shapes of the system.

Steel
shaft 1,

. Gear 1,40 teeth
Dia.0.1 m % = Propeller
F Steel
=] shaft2,
= Dia.0.15m
= 11
e
+1.0m—>
Gear 2,
20 teeth

Flywheel

Obsrvations:

— We need to find the equivalent mass moment of inertia of all
rotors.

Anup Ghosh Two Degrees of Freedom System



Damped 2DOFS

Two Degree of Freedom System Undamped 2DOFS

Assumptions:

@ The flywheel can be considered as stationary with respect to
the other part of the system because of its huge mass moment
of inertia.

© The engine and gears can be replaced by a single equivalent
rotor.

The system is having velocity constraint implemented through the
two different gear teeth ratio. The mass moment of inertia of
gear-2 and the propeller w.r.t. engine are:

(J62)eq = 2% x 150 = 600 kg — m?
(Jp)eg = 2% x 2000 = 8000 kg — m?

Considering the flywheel as fixed combined mass moment of inertia
of engine and two gears is:

S = Je+Je1+ (J62)eq
— 1000 + 250 = 600 = 1850 kg — m?
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a0 R0

£ J2

With G=80 x 10° N/m?

Gl G (mdf 80 x 10° x 7 x 0.10*
ki — — — (221 ) = =081 N—
AT T < 32 0.8 x 32 981, 750N —m/rad

kt2 =

= 3,976,087.5N—m/r:

GIO2_E Ldg _80><109><7T><0.154
L L\ 32 /) 1.0 x 32

Following the standard case as derived earlier, i.e.,

5 mymy mymy

w?  1myikop + mokyy 1 mykay + mokyy \ ki1kao — k2,
= = F- —4
Wy 2 myimy 2

Here x =0 and k1 = ki1, ko = ko, k3 =0, my = Jy my = b
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