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Response 2DOFS

Let us consider the most generalized case of 2DOFS in matrix form

[ml{x} + [cl{x} + [k[{x} = {F(t)}, where
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Response 2DOFS

Let us also consider the following harmonic excitation:
Fi(t) = Fie™t  Fy(t) = Fe™!

and the steady state response as
x1(t) = Xie™t xo(t) = Xpelt

where X1 and X5 are in general complex quantities depending on
the driving frequency w and the system parameters. So we get

Cfme me )l ] [h k]l (5]
ma1 M2 1 2 ko1 ka2 Xo F>

[Z(w)] is known as the impedance matrix
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Response 2DOFS

Now multiplying both side by [Z(w)] ™!

= {X} = [Z(W)] " {F}

2@ = e | 2 el

det[Z(w)] | —221(w)  Z11(w)

Zn(w)F1 — Zia(w)F2 —Zp(w)F + Zu(w)F
Z11(w) Zoao(w) — Zfp(w)’ Z11(w) Zoa(w) — Zfp(w)
The functions Xi(w) and X(w) are analogous to the frequency
response of SDOF system.

Xl((.d) =

Xo(w) =
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Response 2DOFS

Let us consider the above example with F, = 0.
After substitution of corresponding values, Z11(w) = k11 — w?my,
222(00) = k22 — w2m2 and le(w) = k12,

(k22 — w2m2)F1

(kll — w2m1)(k22 — w2m2) — k122

X1 (w) =

—kioFy
(kll — w2m1)(k22 — w2m2) — k122

Xg(w) =

Anup Ghosh Vibration Absorbers



Response 2DOFS

Let us consider my = m, my = 2m, k1 = ko = k, and k3 = 2k for
the system shown above.

kit=ki+ ko =2k koo =ko + ks =3k kip— ko =—k

Following usual procedure

L = — =1

Uil k12 —k

uso k11 —wym; 2k — (5k/2m)m

— = = =-05
uip k12 —k

wh={ 7} aat={ 3,
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Response 2DOFS

The mode shapes are
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Undamped Vibration Absorbers

— The system under externally induced vibration may be
modeled as single degree of freedom system (SDOF).
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Undamped Vibration Absorbers

— The system under externally induced vibration may be
modeled as single degree of freedom system (SDOF).

— We add one more spring mass system to make it 2DOFS.
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Undamped Vibration Absorbers

— The system under externally induced vibration may be
modeled as single degree of freedom system (SDOF).

— We add one more spring mass system to make it 2DOFS.

— Let us refer the response plot in the previous slide. There is a
point in the first figure, where the response of the 1st mass is
zero.
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Undamped Vibration Absorbers

— The system under externally induced vibration may be
modeled as single degree of freedom system (SDOF).

— We add one more spring mass system to make it 2DOFS.

— Let us refer the response plot in the previous slide. There is a
point in the first figure, where the response of the 1st mass is
zero.

— Our aim is to design a 2DOFS whose frequency response is
zero at the excitation frequency.
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Undamped Vibration Absorbers

let, the main system is with m; and k; and the the absorber

system is with my and k.
miX1 + (ki + ka)x1 — koxo = Fy sin wt
x,(1) moXo — koxy + koxo =0
L Let the solution be,
: x1(t) = X1 sinwt  xo(t) = Xo sin wt
Which leads to

X, (1) ki + ko — w’m —ka X1 | _ | R
Fy sinwt —ko ko — w2m2 Xz o 0

1.

The response becomes

(k2 — w2m2)F1

X =
1(&1) (k1 + ko — w2m1)(k2 — w2m2) — k22

Xo(w) kaF1
w) =
2 (k1 + ko — w2m1)(k2 — w2m2) — k22
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Undamped Vibration Absorbers

If we introduce the terms

wp = \/ ki/m1 = main system natural frequency

W,y = \/W = absorber system natural frequency
xst = F1/ki = main system static deflection
W = my/my = ratio of absorber mass to main mass
The response becomes
— [1 — (w/wa)?Ixst
[1+ plwa/wn)? = (w/wn)?][1 = (w/wa)?] — p(wa/wn)?
_ Xst
[1+ p(wa/wn)® = (w/wa)?][1 = (w/wa)?] = p(wa/wn)?
For w=w,, X1 =0

X1

Xo
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Undamped Vibration Absorbers

For w = w,;, X1 = 0 and

2
wWn \*~ Xt F o
Xo=—|—) —=—-+ t)=—— t
> <wa> . P = xt) ko sin w

Force in the absorber spring

k2X2(t) = —F1 sin wt

— There is a wide choice of absorber parameters.

— In most of the situations the actual choice is dictated by the
amplitude Xs.

— The absorber can perform satisfactorily for operating
frequencies that vary slightly from w.

v
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Undamped Vibration Absorbers
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Undamped Vibration Absorbers

# Determine the natural frequencies of the system shown in the
figure below assuming that the rope passing over the cylinder does
not slip.

Equation of motion of mass m:
mx = —kp(x — rf)

Equation of motion of cylinder of mass mg :
Job = —kir?0 — ko(rf — x)r

and the mass moment of inertia of the cylinder

is JO = %m0r2
Now assuming natural co-ordinate

x(t) = X cos(wt + ¢)
0(t) = © cos(wt + ¢)



Undamped Vibration Absorbers

Now substituting the normal co-ordinates in the equation of
motions, the frequency equation becomes

k2 —w2m —k2r 0
—kor —%m0r2w2 + kir? + kor?
k 2(k1 + k: 2k1 k
w4_w2{2+(1+ 2)}Jr ke _ o
m mo mom

k ki + k 1/ ky 2(ki +k)\? 2kik
wg,wg_2+(1+ﬂ¢\/<2+ (ks + 2)> _ 2hk
m mo 4 \ m mo mmy
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Undamped Vibration Absorbers

# A rigid rod of negligible mass and length 2l is pivoted at the
middIw point and is constrained to move in the vertical plane by
springs and masses, as shown. Find the natural frequencies and
mode shaped of the system.

1—+—~l l'{
)

PPN
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Undamped Vibration Absorbers

# A rigid rod of negligible mass and length 2l is pivoted at the
middIw point and is constrained to move in the vertical plane by
springs and masses, as shown. Find the natural frequencies and
mode shaped of the system.

A
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Undamped Vibration Absorbers

The system is having 3 springs and 3 lumped masses. If we choose
the rotational co-ordinate 6 and displacement in the vertical
direction of the spring mass attached to the ground as the second
co-ordinate the problem becomes a 2 DOF system.

Equation of motion in rotational direction and vertical direction:

«fe :
. -
4ml?H = —klO -1 — k(160 + x)I
*uﬂ:)

mx = —kx — k(16 + x) ) 1
The eigen value equation ' ]._ ¢

becomes

Assuming natural co-ordinate similar to the previous example

—4m/?w? + 2kI? ki

ki —mu? 2k |0

4mPw® — 10kmw? +3k* =0



k (5 13 [ k [ k
wW=="|ZFL1= )= w =05904/— and wy, = 1.46681/ —
m\4 4 m m

Amplitude ratios are

XM —amjw? + 2k/?

n=gm = — = —0.6056/
X®  —amiw3 + 2k

Mode shapes are

o) B 1 (1)
{ Xx@) }_{ —0.6056/ }@

0@\ 1 @)
{ X@ }_{ 6.6056/ }@
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Undamped Vibration Absorbers

# An airfoil of mass m is suspended by a linear spring of stiffness k
and a torsional spring of stiffness k; in a wind tunnel. The C.G. is
located at a distance of e from point O. The mass moment of
inertia of the airfoil about an axis passing through point O is Jo.
Find the natural frequencies of the airfoil.
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# An airfoil of mass m is suspended by a linear spring of stiffness k
and a torsional spring of stiffness k; in a wind tunnel. The C.G. is
located at a distance of e from point O. The mass moment of
inertia of the airfoil about an axis passing through point O is Jo.
Find the natural frequencies of the airfoil.
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Undamped Vibration Absorbers

Equation of motion in vertical direction and rotational direction:

m(x — ef) = —kx

Jecb = —kef — kxe ‘ x(t)

May be rewritten as

mi + kx — mef) = 0 ,

(o — me?)f + k:0 + kex = 0

The eigen value equation becomes

—mw? + k mew?
ke —(Jo — me?)w? + ki
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